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I need scarcely remark that the study of such systems is a recognized part of 
first courses in differential equations. The suggestion that the foundation for 
circuit theory should be laid in such courses is therefore not a very revolution- 
ary one: it requires at most only a slight change of emphasis to accomplish it. 
Perhaps this will become even clearer as we mention the four facts upon which 
the use of complex quantities rests, none of which is unusual or non-mathe- 
matical in character. 

3. The Principle of Superposition and the Principle of Decomposition. Two 
of these four facts are properties of linear differential equations. They are gen- 
erally known in applied mathematics as the principle of superposition and the 
principle of decomposition. In order to simplify their wording it is desirable to 
call any set of y’s which satisfies (1) a solution “due to” the functions f;(¢), 
the phrase being suggested by the fact that, in the electrical applications, the 
y's are currents and the f’s are electromotive forces. If we adopt this form of 
speech, the principle of superposition becomes: 

The sum of any solution of (1) due to the set f; and any solution due to another 
set g; is a solution due to f;+g;. 

Of course, if this theorem is true for two sets of functions, it is true for any 
finite number. 

The principle of superposition is of importance because it enables us to 
simplify our problem in three ways: 

In the first place, we can consider the r sets of functions, 


0, fo, 0, 0, 
0, 


separately, and by adding together the results thus obtained find a solution due 
to the set 


fi, fe, fs, fr. 


In other words, in the development of the theory we may assume that all of 
the f’s except one are zero; and since the order in which the equations are written 
is immaterial, we may always suppose that the one which does not vanish is 
the first. 

In the second place, if the one driving force which remains is the sum of a 
number of simple harmonic terms (as it will be if it can be represented by a 
Fourier series or integral) we may consider each of these terms separately and 
add the results together. In other words, in the development of our theory we 
may assume that the one f which does not vanish is a single trignometric term. 

The third simplification is, in reality, a sort of inverse use of the theorem. 
Of course, there is no exact converse of the principle of superposition, for even if 
we know a solution of (1) due to f;+g,;, we cannot ordinarily separate the part 
which is due to f; from that which is due to g;. But there is one exceptional case 
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in which the component parts can be recognized. It occurs when the functions f; 
are real while the functions g; are pure imaginary; for then the real part of a solu- 
tion due to f;+g; is a solution due to f; and the imaginary part is a solution due to 

This is the principle of decomposition. 

4. Two Peculiarities of Exponentia? Functions. The other two facts upon 
which the use of complex quantities in e..ctrical network theory is based are 
even more elementary. They are: 

The derivatives of an exponential function are proportional to the function it- 
self. 

I need hardly remark that it is this property which enables us to reduce the 
system of differential equations (1) to asystem of algebraic equations, and thus 
determine, in the traditional way, not only the complementary part of the solu- 
tion due to any sort of function! f(¢), but also a particular solution as well when 
f(t) happens to be exponential. 

The other important property of the exponential function is Euler’s equation, 
e*=cos x+isin x. 

5. Complex Numbers in Electrical Circuit Theory. With these four properties 
before us, the reason for using complex quantities is readily seen. For if it is 
true that the system (1) can be easily solved when f(t) is an exponential, and if it 
is true that when f() is complex we can separate out the solution due to its real 
part from the solution due to its imaginary part, it follows at once that we can 
easily obtain the solution due to a simple harmonic function cos(pt—e) by first 
finding the solution due to a complex exponential e*?*9®, and then discarding 
its imaginary part. 

This is the entire argument in favor of the use of complex numbers in elec- 
trical circuit theory. It is hard to imagine any explanation based upon vec- 
torial ideas which would approach it either in conciseness, simplicity, or gen- 
erality. Indeed, there is none provided the matter is brought_up during a dis- 
cussion of differential equations. 

But suppose it is not. Suppose instead that it arises in a technical course 
and that the class either has not been exposed to the argument at all, or else 
that the form of presentation has not been so molded as to conform in some 
degree to their technical needs. It is obvious that the engineering instructor 
must then either present a connected account of part of the theory of linear 
differential equations, or else he must find some brief but plausible explanation 
of what he proposes to do. He may suspect that if he chooses the latter alterna- 
tive his students may some day have to unlearn some crude ideas; but he 
knows that the other will sacrifice time which he needs for the presentation of 
technical ideas. If we remember where his interest lies, there is little doubt 
which alternative he will choose. 

6. The Steady-state Solution; Impedance; Natural Frequencies; Damping. 1 


1 Since we may now assume that all the f;’s except one are zero, we need no subscript to dis- 
tinguish this one which remains. 
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think it must now be evident why I believe that this subject matter should be 
presented in the mathematical instead of the engineering classroom, and why 
I believe the subject of differential equations should berequired of those students 
who are likely to be interested in circuit theory. So far, however, I have spoken 
only of its desirability from the standpoint of the engineer himself. I believe, 
however, that with comparatively litt 'e effort the subject may be made to yield 
a return to the mathematician also ‘in increasing his fund of illustrative mater- 
ial, and in deepening the interest of his class. 

I need hardly mention the fact that the imaginary parts of the roots of the 
auxiliary equation give us the “natural frequencies” of the system, and the real 
parts the “damping.” Few instructors would fail to mention such obvious facts, 
at least when talking to a class with practical interests. But once we have intro- 
duced the electrical circuit as a sort of collateral objective, a number of ideas 
suggest themselves which might otherwise not be thought of. For instance, since 
the particular solution (which we obtain by algebraic means when we deal with 
exponential or sinusoidal forces) is independent of the boundary conditions, 
we at once suspect that it must correspond to the steady-state condition of the 
system. It is a simple matter to verify this assumption. Conversely, the solu- 
tion of the complementary equation can be obtained once for all without any 
knowledge of the nature of the driving force, except in so far as that knowledge 
enters into the evaluation of the constants of integration. We would therefore 
suspect it to be the “transient” reaction of the circuit, and again it is a simple 
matter to prove that this is true. 

We may also observe that the particular (or steady-state) solution is ob- 
tained by merely writing down a few determinants, whereas in order to find the 
complementary (transient) part it is necessary to locate the roots of an alge- 
braic equation. As the first of these processes is very much simpler than the 
second, we conclude that it will in general be immensely simpler to find those 
properties of a system which are defined in terms of its steady-state reaction, 
than to find its transient reaction to impulses and the like. Chief among the 
ideas associated with the steady state is that of impedance, which is defined as 
the ratio of the driving force to the steady-state current which it produces. 
It follows at once that the impedance of the system is just the ratio of the two 
determinants by means of which our particular solution is derived. In this con- 
nection we may observe that in the days when electrical theory was a science 
of real numbers, it was the ratio of the magnitudes of these two quantities which 
was called impedance, but today the term is applied about equally often to this 
real quantity, and to the complex ratio itself. 

Also, if we separate the driving force into two components, one in phase with 
the current and the other 90° out of phase, the ratios obtained when we divide 
these two components by the current are called the “resistance” and “reac- 
tance” of the circuit, respectively. It requires only a moment’s inspection to 
show that these definitions merely state that the resistance of a circuit is the 
real part of its impedance, and the reactance the imaginary part. 
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How much of this sort of illustration should be used depends, of course, upon 
the interests of the instructor and the needs of his class. In some cases it might 
be unwise to use even as much as I have mentioned; in others it might be de- 
sirable to speak of such matters as Rayleigh’s reciprocity theorem and Heavi- 
side’s expansion. Very often the presentation of Cauchy’s solution, at least in 
the simplified form which corresponds to the case of a system originally at rest, 
will be of interest, not only because of its technical importance but also be- 
cause it is a beautiful piece of mathematics in itself.! 

I hold no brief as to just which of these things shall be done, or indeed as to 
how they shall be done, my only point being that in my opinion both the mathe- 
matician and the engineer will benefit from the doing of them: the engineer 
because of the more suitable foundation which will be laid for his technical 
work, and the mathematician through the fact that his subject will have a 
vitality and interest which is too often lacking when the study of the linear 
system is merely an exercise in p’s, D’s and 6’s. 


SOME GEOMETRICAL APPLICATIONS OF COMPLEX NUMBERS 
By LLOYD L. SMAIL, Lehigh University 


Many teachers of algebra have doubtless wished for some applications of 
complex numbers outside the field of algebra which would indicate their use- 
fulness in a way to appeal to students. Some textbooks of college algebra do, 
indeed, remark that complex numbers find important applications in certain 
parts of physics and electrical engineering, but such application is too remote 
to appeal greatly to the student at this stage.? In the search for material 
which would illustrate the usefulness of complex numbers for use in his own 
classes, the writer developed some simple geometric applications of these 
numbers, a few of which are presented in this paper. These applications are 
simple enough to be used with an algebra class in connection with the study of 
complex numbers. The methods used are rather obvious adaptations of 
familiar applications of the methods of elementary analytic geometry and vector 
analysis to the proof of simple geometric propositions. 

In all our diagrams we shall write in braces adjacent to the capital letter 
denoting each point the corresponding complex number which is represented 
by the point. 

We shall use the following two formulas, which are easily proved: 

The distance between two points P:{2:} and P2{22} is given by 


(1) P,P, =| 21 — 22 . 


1See F. D. Murnaghan, The Cauchy-Heaviside expansion formula and the Boltzmann- 
Hopkinson principle of superposition, Bulletin of the American Mathematical Society, vol. 33 
(1927), pp. 81-89. 

2 Similar remarks were made by G. A. Bingley in a note on The complex variable in the solution 
of problems in elementary analytic geometry in this Monthly, vol. 33 (1926), p. 418. 
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The point of division P{z} of a line-segment joining points Pi{2:} and 
P2{ 20} which divides the segment in the ratio P\P/PP:=d is given by 
(2) = (21 + Aze)/(1 + 


For the special cases of the mid-point, where \=1, and the trisection-point, where 
\=2, we have: 


and 

(2”) z= 3(21 + 222), 
respectively. 


The geometric applications of complex numbers will now be illustrated by 
proving the following propositions. 


Theorem 1: The mid-point of the hypotenuse of a right triangle is equidistant 
from the three vertices. 


Proof: Place the triangle as shown in Fig. 1; let the numbers corresponding 
to the points A and B be a and 07; then the number for the point C is found by 
use of formula (2’) to be }(a+07). By formula (1), 


Y 


Bibi} 


C{4(a+bi)}' 


Fic. 1. 


OC =| + bi) — 0| =F] a+ di] = + 54)”, 


AB =|a— bi| = (a? + 
Hence, 
OC =3AB = BC =CA. 


For the next two propositions, take any triangle, place it as in Figs. 2 and 3, 
and let the numbers corresponding to the vertices A and B be a and 6+6'4. 


Theorem 2: The line-segment joining the mid-points of two sides of a tri- 
angle is equal to half the third side and is parallel to it. 


: 

: 

2 

A{a} x 
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Proof: The numbers for points C and D are written down on the figure 
(Fig. 2) by use of formula (2’). By formula (1), 


B{b+b'i} 


Di }(a+b+0%)} 


Ofo} E F A{a} 
Fic. 2. 
CD =| 4(b + b'i) — +b + = 4a = 310A. 


If CE and DF are perpendicular to OA, then CE is equal to the coefficient of i 
in the number corresponding to the point C, and similarly for DF; hence 
CE=}b'=DF, so that CD is parallel to OA. 


Theorem 3:+ The medians of a triangle meet in a point which is two-thirds of 
the distance from each vertex to the opposite side. 


Y 


Bib+b'i} 


D{3(a+b+b'i)} 


Ojo} E{}a} Afa} 


Fie. 3. 


Proof: Let Pi{z:} be the point of trisection, two-thirds of the distance 
from O to D, in Fig. 3, and let P2{ze} and Ps{z;} be the corresponding points 
on AC and BE. By formula (2’’), we find 


| 
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a = 0), 
ze = 3[(6 + + 2-4a] = +64 
zs = 4[a + 2-3(6+ = F(a +54 


Since 2;=2.=23, the points P,, P, and P; coincide, and the theorem is proved. 
For the next four propositions, take any quadrilateral, place it as in Figs. 
4—6, and let the numbers corresponding to the vertices A, B, C be a, b+6'% 
and c+c’z. Numbers corresponding to mid-points in these figures are found 
by formula (2’). 
Theorem 4: The line-segments joining the mid-points of opposite sides of any 
quadrilateral bisect each other. 


Proof: Let Pi{ and P:{ 22} be the mid-points of DF and EG, respectively 
(Fig. 4); then , 


Blb+o'i} 
Fi k(a+b+b'r)} 
Ojo} E} 4a} Ata} Xx 


Fic. 4. 


a= 
Since 2;=22, the points P; and P: coincide, and the theorem is proved. 


Theorem 5: The mid-point of the line-segment joining the mid-points of the 
diagonals of a quadrilateral coincides with the point of intersection of the line- 
segments joining the mid-points of opposite sides of the quadrilateral. 


Proof: Let R{zs} be the mid-point of MN (Fig. 5), which joins the mid- 
points of the diagonals; then 


= 0) ci). 


Since z3 agrees with the values of z; and z of the preceding proposition, the 
conclusion of the theorem follows. 
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Blb+b'i} 


Ofo} 


Fro.'5. 


Theorem 6: The lines joining mid-points of adjacent sides of a quadrilateral 
form a parallelogram. 


Proof: From Fig. 6, by formula (1), 


Y 
B{b+b’'i} 
Cl 
F(A } 
O{o} E {4a} Afa} x 
Fic. 6. 


DE =|}(c+ ci) — 

Mb+c+Hitci) ; 
3 

1 

2 


(a+b — = 
-—Hetci)| 
Hence, DE=GF and EF=DG, and DEFG is a parallelogram. 


Theorem 7: The sum of the squares of the sides of a quadrilateral is equal to 


the sum of the squares of its diagonals plus four times the square of the segment 
joining the mid-points of the diagonals. 


Proof: From Fig. 5, by formula (1), we have 


4 
Y 
Clete} 
|| Afa} Xx 
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OA? + AB? + BC? + CO? 
=|0-a|?+|a-(6 + |? +| (6+ cA) [2+] (C+ ci) 
= [a?] + [(a — 6)? + + + + [2 

= 2a? + 2b2 + 2c? + 2b’? + 2c’? — 2ab — 2be — 2bd'c’. 


(3) 


Similarly, 

OB? + AC?+4M N? 

[b?+ + [(c—a)?+ 

2a? + 2b? + 2c? + 2c’? — 2ab — 2bc — 2b'c’. 


(4) 


Comparing (3) and (4) gives the theorem. 


Theorem 8: Jf in any triangle OAB, a line OC be drawn to the mid-point of 
AB and extended to any point as D, and the sides of the triangle be extended to 
meet AD and BD at Eand F respectively, then EF will be parallel to AB. 


Proof: Place the triangle as in Fig. 7. Let 
OF/OA =m, OE/OB =n, OD/OC =k, AE/ED=)}, BF/FD = uz. 
The numbers corresponding to points F, E, and D will then be ma, n(b+6’z) 


E{n(b+b'i)} 


Af{a} F{ma}, Xx 
Fie. 7. 


and 4k(a+6+6’t), as shown in Fig. 7. By use of formula (2), we find that E 
and F represent the complex numbers 


a+nr-tk(a+ b+ (b+ +u-zk(a+b + 
1+ 


Bib+b’r} 
D{}k(a+b+b'i)} 
| 
t 

=. 
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respectively. In the resulting equations 


+ b + 


= n(b + 
(5) n(b + 
(6 + + +b + 
(6) = ma, 
equate the real and imaginary parts separately, and we have 
b 
(7) a+ > 
1+, 1+, 
b+ w-3k(a + + 
(8) =m, = 


Eliminating \ from equations (7) and solving for nm, and similarly eliminating 
uw from equations (8) and solving for m, we find 


n = k/(2 — k) and m = k/(2— k). 
Hence, m=n or OF/OA =OE/OB, so that EF is parallel to AB. 


Theorem 9: If OABC is any parallelogram, and DE is any line-segment 
parallel to OA, and if lines OD, AE, CD and BE are drawn, meeting at F and G 
respectively, then FG is parallel to OC. 


Proof: Place the parallelogram as in Fig. 8, and affix complex numbers to 
the figure as indicated. Let 


OF/FD =m, CG/GD=n, AF/FE= BG/GE =n. 


Clete} 


Blatet+e'r} 


Eje+d'i} 


Fic. 8. 


For the point F, lying on OF and AF, and for the point G, lying on CG and BG, 
by use of formula (2), we have 


P 
G 
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1+m 
(10) (c+ ci) +n(d+d’i) (a+c+c'i) +u(e+d’i) 
1+n 
Equating real and imaginary parts separately in these equations, we get 
md a+ re md’ dd’ 
(11) = = 
1+m 1+A 1+m 
1+n 1+n 1+u 


Eliminating \ from equations (11) and solving for m, and eliminating u from 
equations (12) and solving for n, we find 


m=a/(d—e) and n=a/(d—e). 


Hence, m=n or OF/ FD =CG/GD, which shows that FG is parallel to OC. 

Many more examples of this and other kinds might be considered, but 
enough has been presented to show the possibilities of this method of applying 
complex numbers to geometric proofs. 


PLANE CONFIGURATIONS AND THEIR SPACE ANALOGUES IN 
THE CASE OF PINCH POINTS OF RATIONAL SURFACES 


By A. R. WILLIAMS, University of California 


Zeuthen in a well known memoir on reciprocal surfaces! studied extensively 
the properties of a surface at its various singularities. In the case of rational 
surfaces many of these can be inferred from the corresponding configurations 
in the plane; and it is interesting to trace this correspondence, even when the 
properties noted are true of surfaces in general. The following note illustrates 
this, particularly with respect to pinch points.? 

The plane sections of a rational surface correspond point for point to «% 
plane curves ¢. Toa net of fundamental curves ¢ correspond a bundle of plane 
sections; 7.e., the ©? planes through a point. If the net consists of the «? 
curves determined by a point of the plane, the center of the bundle is on the 
surface. To the ©! curves of the net that have double points correspond the 
tangent planes of the tangent cone whose vertex is the center of the bundle. 
Two nets have a pencil in common. The number of curves of this pencil 
that have double points is the number of tangent planes to the surface that pass 
through an arbitrary line; z.e., the class of the surface, or class of a general 


1 Mathematische Annalen, vol. 10 (1876), page 446. 
2 See Caporali in Collectanea Mathematica: J Sistemi Lineari Triplimente Infiniti, §§9 and 16 
(Hoepli, Milan, 1881). 
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tangent cone. The locus of double points of the curves of.a net is the Jacobian. 
The latter, therefore, is the image of the curve of contact of the corresponding 
tangent cone. To a general point P of the double curve correspond two points 
of the plane, Pj and PZ, such that the net of fundamental curves that pass 
through one pass also through the other. To this net of curves corresponds the 
bundle of plane sections through P. A general section of the bundle has of 
course a node at P corresponding to the passages of the plane curve through P/ 
and P3. To the pencil of plane curves tangent to the image of the double 
curve at Pj, and therefore at Pz, correspond the pencil of plane sections con- 
taining the tangent to the double curve at P. The section by a general plane 
of this pencil has therefore a tacnode at P, the two branches being tangent to 
the double curve. One plane curve osculates the image of the double curve at 
Pi and Pz. The corresponding plane is the osculating plane of the double 
curve at P, and the two branches of the corresponding section osculate there. 
One curve of the net has a double point at P/ and is tangent to the image of the 
double curve at P?. The corresponding plane is one of the tangent planes to the 
surface at P, and the section by this plane has a triple point at P, one branch 
being tangent to the double curve. 

In the above the elements of direction at P/ and P{ correspond to the 
elements of direction in the tangent planes at P. If, therefore, the two images 
of P coincide, P is a pinch point, or point of the double curve where the two 
tangent planes coincide. The corresponding point, P’, lies on the Jacobians of 
all the * nets of fundamental curves. For the net of fundamental curves 
through P’ have a common tangent there, determined by two consecutive 
points of the image of the double curve. Therefore a pencil, g’, of the net. has 
double points at P’, and there is one curve of this pencil in any net of funda- 
mental curves. Thus every tangent cone includes one of the planes of this 
pencil among its tangent planes. This agrees with the fact that all first polar 
surfaces have the same tangent plane at a pinch point as the original surface, 
and that therefore a pinch point is on the curve of contact of any tangent cone. 
To find the number of such points P’, i.e., the number of pinch points of a 
rational surface, it is only necessary to deduct from the intersections of two 
general Jacobians the number of intersections accounted for by the base points 
and the number of curves of the pencil common to the two nets that have 
double points. Since two consecutive points of the common tangent at P’ corre- 
spond to the same point of the surface it follows that the section of the surface 
by a general plane through a pinch point has there a stationary point or cusp. 
The pencil g’ of fundamental curves that have double points at P’ has been 
mentioned. Since two curves of this pencil have 4 intersections at P’, the corre- 
sponding pencil of plane sections has for axis a line which meets the surface 4 
timesat the pinch point. This line,which Zeuthen calls “the particular tangent,” 
will therefore meet the section by a general plane of the pencil 4 times at the 
pinch point. Since there is no reason to expect a cusp of higher order, we may 
infer that such a section has there a point of contact of two branches, or tacnode. 
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For example, in the case of the ruled cubic surface the “particular tangent” is 
the single generator from the pinch point, and the residual section is simply a 
conic tangent to it. If a direction at P’ is given there is a curve of the pencil g’ 
one of whose tangents at P’ has this direction. Thus to any plane curve passing 
through P’ corresponds on the surface a curve tangent to the “particular 
tangent” at P. In particular, since the Jacobians of all nets of fundamental 
curves pass through P’, the curves of contact of all tangent cones have the same 
tangent at the pinch point. 

One curve, ¢:, of the pencil g’ is tangent to the image of the double curve 
at P’. The plane of the corresponding section contains the “particular tangent,” 
and one other line which meets the surface 4 times at the pinch point. For any 
curve of the net which osculates ¢; at P’ on the branch tangent to the image of 
the double curve has 4 intersections with ¢; at P’ and the same is true of any 
two curves of the pencil determined by them. Hence the corresponding pencil 
of plane sections has for axis a line which meets the surface 4 times at the pinch 
point, and which must be in fact the tangent to the double curve. For that 
tangent evidently has the property just mentioned; and there is no other pencil 
of fundamental curves any two of which have 4 intersections at P’, and therefore 
no third line meeting the surface 4 times at the pinch point. Since ¢; has 3 
intersections at P’ with a general curve of the net, a general line through the 
pinch point in the corresponding plane meets the surface and the section corre- 
sponding to ¢; three times there. That is, the section has a triple point whose 
tangents are the “particular tangent” and the tangent to the double curve. 
Such a triple point is composed of a cusp and two nodes. In this case the 
cuspidal tangent is the tangent to the double curve and the other tangent is the 
“particular tangent.” For we have noted that a general curve, ¢o, of the net is 
simply tangent to the image of the double curve at P’, while the corresponding 
section of the surface has an ordinary cusp at the pinch point whose cuspidal 
tangent lies in the plane of the section corresponding to ¢;. Therefore, as a 
point tracing ¢; passes through P’ on the branch that crosses the image of the 
double curve, the corresponding point on the surface passes through the pinch 
point tangent to the “particular tangent ;” and as the point in the plane passes 
through P’ on the branch tangent to the image of the double curve, the point 
on the surface becomes stationary, and a cusp results whose cuspidal tangent is 
the tangent to the double curve. It follows that the section of the surface by a 
general plane of the pencil whose axis is the tangent to the double curve has at 
the pinch point a cusp of higher order, node+cusp. The cuspidal tangent is the 
tangent to the double curve, and the 4 intersections at P of this tangent with the 
section are thus accounted for. One plane of the pencil is the osculating plane 
of the double curve. The branches of its section have higher contact at the 
pinch point and the corresponding plane curve osculates the image of the double 
curve at P’. Furthermore in the plane pencil g’ are two curves, ¢2 and ¢3, 
that have cusps at P’. The section of the surface corresponding to one of them 
will therefore have at the pinch point instead of a tacnode a cusp of higher order, 
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node+cusp. The cuspidal tangent will be the “particular tangent.” The 
cuspidal tangents to ¢@2 and @; at P’ are the tangents to the locus of cusps of 
curves ¢, which itself has a double point at P’. This locus is of course the 
image of the parabolic curve of the surface. Hence the planes of the sections 
corresponding to ¢2 and ¢; are stationary tangent planes. Each section has 
three point contact with the corresponding branch of the parabolic curve. 
Finally, the Jacobian J, of the net, that is, the image of the curve of contact 
of the tangent cone whose vertex is the pinch point, has a triple point at P’. 
One branch is tangent to the image of the double curve and osculates the 
corresponding branch of ¢:, and the other two touch the cuspidal tangents of ¢2 
and ¢;. Therefore as compared with a general tangent cone the genus of the 
cone whose vertex is a pinch point is less by 3 on account of the triple point of 
the Jacobian. Its order is less by 4 on account of the 4 intersections of the 
Jacobian at P’ with a general curve of the net. And its class is reduced by 2; 
for in an arbitrary pencil of the net the number of curves that have double 
points, other than P’, is reduced by 2 by reason of the common tangent at P’. 
From these the modificationsof the other Pliicker numbers are easily determined. 
Thus the number of stationary tangent planes is less by 6. This follows also from 
the fact that the Jacobian is tangent to both branches of the cuspidal locus, and 
has 6 more intersections with that locus at P’ than does the Jacobian of a 
general net. Thus the sections corresponding to ¢2 and ¢3 count each for 3 in 
making up the number of stationary tangent planes through the pinch point. 
The number of double edges is increased by 1. This follows also from the fact 
that a general curve of the pencil g’ meets J 6 times at P’ instead of 4 times, as 
is the case for a general curve of the net. Thus the additional double edge is 
the “particular tangent.” Therefore the number of tangent planes to the cone 
which are planes of the pencil g should be less by 6 than the class of an ordinary 
tangent cone, that is, the number of curves¢ of an ordinary pencil that have an 
additional double point. The number of curves of the pencil g’ that have another 
double point, additional to P’, is less by 7 than for an ordinary pencil. But ¢1 
has 8 intersections with J at P’ ; and the corresponding plane, which contains 
the “particular tangent” and the tangent to the double curve, is therefore the 
remaining tangent plane to the cone that belongs to the pencil g. In the same 
way the characteristics of the tangent cone whose vertex is a point on the 
“particular tangent” may be obtained. For the corresponding net of plane 
curves is determined by ¢2 and ¢; and a general curve ¢. Therefore the Jaco- 
bian of that net will have a double point at P’ whose tangents are the cuspidal 
tangents of ¢d2 and ¢3. From the Pliicker equations the number of double 
tangent planes of the cone whose vertex is the pinch point itself is less by 
2(n—7), where v is the class of the surface, or class of a general tangent cone. 
And for a cone whose vertex is an arbitrary point of the “particular tangent” 
the reduction in the number of double tangent planes is n—7. Now the curve 
of contact of a tangent cone meets 2 times the locus of points of contact 
of double tangent planes for every such plane belonging to the cone. n~7 is 


| 
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just the number of curves of the pencil g’ that have a double point, additional 
to P’, and which will therefore be double tangent planes to the surface, though 
not proper double tangent planes of the cone whose vertex is the pinch point or 
an arbitrary point of the “particular tangent.” Now the image of the curve of 
contact of double tangent planes passes »—7 times! through P’. The Jacobian 
of a general net has a simple point at P’. The Jacobian, J, of the net deter- 
mined by P’ has a triple point at P’ , and the Jacobian of the net corresponding 
to a cone whose vertex is on the “particular tangent” has a double point at P’ 
with two of the same tangents as J. The pencil g’ belongs to both nets. Thus 
it appears that J is tangent to the image of the curve of contact of double 
tangent planes at the »—7 points which are double points for curves of the 
pencil g’. But the Jacobian of the net corresponding to a cone whose vertex is a 
general point of the “particular tangent” has simple intersections with that 
locus at the same points. A corresponding state of affairs holds on the surface. 

If we reciprocate the above configuration we get another rational surface 
having a pinch plane; and we see that the section by this plane consists of a line 
corresponding to the pencil g, and a residual portion which is of order less by 2 
than a general plane section since the class of the tangent cone whose vertex is 
the pinch point is two less than the class of a general tangent cone. -Hence the 
pinch plane is tangent to the surface along a “singular line.” The residual sec- 
tion is tangent to the “singular line” at the two points which are the recip- 
rocals of the planes of g that correspond to ¢2 and ¢3, and meets it again at a 
third point which is the reciprocal of the plane of g corresponding to ¢:. Most 
of the other properties of pinch planes given by Zeuthen,? and true for surfaces 
in general, may be inferred in this way for rational surfaces. 

In conclusion a little may be said on the question of finding the number of 
pinch points of a given surface whether it is rational or not. In case the double 
curve is the complete intersection of two surfaces, so that the equation of the 
given surface may be put in the form Au?+2Buv+ Cv?=0, the pinch points 
are given by the intersections of the surface B?— AC=0 with the curve uv=0. 
This method has been extended by Cayley* to the case when the double 
curve is the partial intersection of three surfaces given by 


v w 


Here u, v, w are functions of the céordinates of degree u and wu’ ,v’ , w’ of degree v. 
The common curve is therefore of degree (u-+v)?—yv. Salmon‘ has given a me- 
thod for finding the reduction in the class of a surface due to the double curve 
which incidentally determines the number of pinch points. In this connection 
a statement is made without proof which is not obvious. The intersection of 


1 See Caporali, loc. cit., §29. 

* Loc. cit., §21. 

3 Quarterly Journal of Mathematics, vol. 9 (1868), p. 332. 

4 Solid Geometry, vol. 2, article, 616 (Longmans, Green and Co., 1915). 
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two general first polar surfaces consists of the double curve, which is simple on 
each of them, and a residual portion which meets the double curve where the 
two first polar surfaces are tangent to each other. In the absence of isolated 
singularities the class of the surface is the number of intersections of this 
residual portion with the original surface that do not occur on the double 
curve. Ata pinch point anytwo first polar surfaces have the same tangent plane, 
i.e., the plane of the “particular tangent” and the tangent to the double curve. 
Their residual intersection meets, therefore, the original surface three times at 
a pinch point. Now the statement just mentioned as requiring proof is that in 
addition to the pinch points the two first polar surfaces are tangent to each 
other, but not to the original surface, at a number of points on the double 
curve equal to the rank of the latter; that is, the number of tangents that meet 
a given line. This follows from the fact, which is easily proved, that the first 
polar surfaces of all points of a plane tangent to the double curve at any point 
S have themselves the same tangent plane at S. Thus let u and v be the first 
polar surfaces of two general points P and Q, and let S be a point on the double 
curve at which the tangent intersects P Q. Then uw and v will be tangent at S 
(though not to the plane PQS); and their residual intersection will meet the 
double curve, and therefore the original surface twice, at S. The number of 
points S is the rank of the double curve. 

If it is possible to obtain independently the sum of the rank of the double 
curve and the number of pinch points, one can be found when the other is 
known. Salmon accomplishes this as follows. Consider a point whose polar 
planes with respect to the first polar surfaces u and v intersect in a line that 
meets a given line, say ; 


ax+byteo+d=0, =0. 
The locus of these points is evidently the surface, 
a b d 
1 


This surface is of order 2n —4 where 7 is the order of the original surface. Any 
point R on the double curve at which the tangent meets the line determined by 
the first two rows of the determinant is a point on the surface. And so is any 
point T where the double curve is met by the residual intersection of u and v. For 
at such a point corresponding elements of the 3rd and 4th rows are proportional. 
Therefore, if b is the order of the double curve, we have 26(m — 2) =r+t#, where r is 
the number of points R (or rank of the double curve), and ¢ is the number of 
points 7. That is, 2b(n—2) —r=t; and t is composed of the pinch points and the 
points, called S above, where the two first polar surfaces are tangent to each 
other but not to the original surface. But we have seen that the number of the 
latter is also ry. Hence the number of pinch points is 2b(n—2)—2r. This result, 


- 
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which is given by Salmon, requires of course modification when the double 
curve has triple points. Such points are triple points of the surface and hence 
double points of all first polar surfaces. All the elements of the 3rd and 4th 
rows of the above determinant vanish at such a point, and we see immediately 
that the surface represented by the determinant has itself a double point there. 
Hence each triple point of the double curve absorbs 6 intersections of the latter 
with the auxiliary surface and reduces the number of pinch points by 6. 


THE TRIGONOMETRY OF HYPERSPACE! 
By NOLA LEE ANDERSON, University of Missouri 


1. Jntroduction. In recent years many references have been made to the 
problem of the extension of the formulas of spherical trigonometry to space of 
higher dimensions. In particular, Karl Pearson,? emphasized the importance 
of such an extension for the sake of its application to the theory of multiple 
correlation. E. V. Huntington’ revoiced the sentiment of Pearson in urging the 
importance of mathematics in modern statistics. Later, Dunham Jackson‘ 
gave a trigonometric representation of correlation. The problem was considered 
in more detail by James McMahon! in the paper, Hyperspherical goniometry and 
its appliction to correlation theory for n variables. In this article he generalized 
the formulas of spherical trigonometry for the hypersphere in » dimensions and 
then applied these formulas to correlation for m variables. McMahon considered 
only Euclidean spaces. 

It is the object of the present paper to show that the desired trigonometric 
formulas are essentially contained in well known relations connecting certain 
invariants of space. Some of the more important of these date back to Grass- 
mann.® Formulas which may be regarded as the extension of the Grassmann 
formulas to curved or Riemannian space were established by Maschke. 

2. Notations and their geometric interpretation. In the n-dimensional space 


Sn, let f(u!, - - + , u") denote a vector from an arbitrary origin to the point hav- 
ing the coordinates w!, u?,---, wu". Let f; denote the partial derivative of the 
function f with respect to w', ie., fi=Of/Ou', fo=Of/Ou?,---, fr=Of/Ou". 


These are considered as vectors tangent to the parameter curves of parameters 


1 Presented to the Missouri Section of the Mathematical Association of America, November 
26, 1927. 

2 Biometrica, vol. 11 (1916), p. 237. 

3 This Monthly, vol. 26 (1919), p. 422. 

4 This Monthly, vol. 31 (1924), pp. 275-280. 

5 Biometrica, vol. 15 (1923), pp. 173-208. 

6 Grassmann’s formulas contain implicitly the fundamental formulas for the trigonometry of 
Euclidean n-dimensional space. See, for example, section 175 of the Ausdehnungslehre of 1862. 
Certain explicit trigonometric formulas also occur in sections 195-215. The formulas of Grass- 
mann are special cases of the formulas of this paper. 
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ul,---, u", respectively. The scalar products, f;f;, will be denoted by g;;, 
which are the coefficients of the differential form, 


ds? = fif;duidui gijdu‘dui, 


where ds? is the square of the differential of arc length along any curve of Sy). 

It is often convenient to introduce additional symbols, ¢;, ~i, which are 
equivalent notations for the tangent vectors, fj. (i.e., 6:6; =W iW; = ij.) 

Notations or symbols which occur twice in any product will always be com- 
bined as scalar products, and it will be understood that the same symbol will 
not be used more than twice as a factor. If only one symbol occurs just once, 
the expression represents a one-dimensional vector. We frequently use an 
expression containing 7 distinct symbols each occurring just once as a factor, 
which has been arranged such that it represents an r-dimensional vector. 

Throughout this paper, the different notations for the vector f have the 
properties of the Maschke symbols in his symbolic treatment of the invariants 
of a differential form. 

Maschke showed that if A!, A*,---, A” are m invariants of the quadratic 
differential form, G= }°g;,du‘dui in n variables, then 1/+/ | gi; | times the Jaco- 
bian of A!,---, A* is also an invariant. This he denoted by (A!,---, A”). 
Maschke’s result really holds if some or all of the A’s are vectors. Hence any of 
the A’s of this invariant may be replaced by arbitrary functions of the coor- 
dinates or by the vector functions f, ¢, etc., since f is a function of the coordin- 
ates and is an invariant. Consequently, such expressions as (f!--- f*-* 
---a*) are invariants, where f!,---, f"-* are n—k equivalent notations 
for the vector f. Furthermore, the product of any number of invariants is an in- 
variant. ; 

When hypersurfaces, a1=const., a?=const.,---, @*=const. are given, 
the invariant (fa!--- (a‘)---a"), where the notation indicates that a‘ is 
omitted, represents a vector tangent to the intersection of all the hypersurfaces 
except a‘=const. Similarly, if f and ¢ are equivalent symbols, (fda! - - - (aia) 

- ++ a") represents a two-dimensjonal vector tangent to the intersection of all 
except a‘=const. and a/=const. In general, (f!-- - f*-* a! - - - a*) represents a 
vector of dimensions (n—k). 

For example, in four-dimensional space, let w!=const.; w?=const., w*= 
const., wt=const. be four hypersurfaces. Then (fg@w'w*), (fou? wt), , are two 
dimensional vectors; (f@pw') is a three-dimensional vector, etc. 

The angle between the three-dimensional vectors (j¢yw') and (f¢yw*) will 
be denoted by [w'; w*]; the angle between the two-dimensional vectors (fow'w*) 
and (fow*w*) by [w'w?; ww], or on occasion by [1, 2; 2, 3]; similarly, the angle 
between the one-dimensional vectors (fw'w*w*) and (fw'w?w*) will be denoted by 
[w'w%w?; Thus, it will be understood that [a:--- ax; Bi: Bx] 
denotes the angle between the two (m—k)-dimensional vectors (f!- - - f*-* 
a%-+--a%) and (f!--- f-*a’--- aS). This is of course equal to one of the 
angles between the complementary k-dimensional vectors orthogonal to (f! - - - 
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a%) and (f!- - - - - - Here each of the two sets of func- 
tions a%---a% and a’:--- aS is a set of any & of the functions a'--- a” 


The magnitude of the vector (f! - - - fe-* a! - - - a*) is by definition ~/(f! - - - f-* 
a‘ a*)3, 
In general, we define the angle [a - a; 81 - - - by the formula 


(1) cos Bel 


that is, the cosine of the angle between two r-dimensional vectors is equal to the 
scalar product of the vectors divided by the product of their magnitudes. 

Thus in four dimensions, \/ (fo@w'w*)? is the magnitude of the two-dimensional 
vector (fow'w?), and the cosine of the angle between (fg@w'w*) and (fow*w*) is 
defined by 


(fow'w*) (fow*w*) 
V (fow!w*)?/ 
3. Trigonometric formulas in n-dimensional space. Maschke has given the 
following general formula:! 


(far:)(fa%), , (fa)(fa*#) 

(m— k)t | (fars)(fa%), , (far2)(far) 
{(m—1)!}* 


cos [w'w? ; = 


(2) 


(fa**)(fa%), , (fare) (fare) 
where each f is used for a set of n—1 symbols, f', - - - , f*-', and the sets are 
supposed to be the same in the two factors of any given product but are different 
in the different products. 

When the definition (1) for the scalar product of two (m—1)-dimensional 
vectors is applied to each term of the*determinant in the right hand member of 
(2), the equation becomes 


V (fat)? (fa*:)? cos [or V (fa*)? cos Bx] 


(n—k)! 
cos [or - - -, V(fat*)?V/ (fa*)?cos [ax ; Be] 
(n — k)! cos [or ; 61], cos [ary Br] 
= To — 


cos [oes cos [ox ; Br] 
where La, denotes (fa™)?, etc. 


1See the paper, Differential parameters of the first order, Transactions of the American 
Mathematical Society, vol. 7 (1906), pp. 69-80. 
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Now by definition (1), 


Formula (2) may be applied to the expressions under each of the radicals 


on the right, and the elements of the resulting determinants may be expressed 
in terms of the quantities L and cosines as was done above; thus we obtain 


finally, 


1 cos fan 
R 
cos sau], 1 


1 CoS [Br Be] 
x cos ax; Bi- Bel, 


cos [Bx ; Bi], 1 


where 

— k)! 
{(n — 1)!}* 
Therefore, by equating (3) and (4), 
(5) .cos [ay ax Be] = 


cos [ar ; Bi], COS [a ; Bx] | 
cos , cos ; Bi] | 
/ 1 COS [a sax | 1 cos 
cos[az saul, 1 cos [Bx Bi], 1 


4. Formulas of spherical trigonometry in three dimensions. In ordinary space 
let w'=const., w?=const., and w*=const. be three arbitrary functions of the 
coordinates u', u?, 

According to formula (2), 


1 | (fow')(fow*), (fow")(fow') 


law?) (fw2w3) = — 
= | (few?) (few), (fow*)(fow) 


When the definition (1) for the scalar product of two vectors is applied to 
the right member of this equation, (fw'w?) (fw*w*) = 


| 
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V (fow')?V/(fow?)? cos [w ; cos [w! ; 
4 | (fow?)?V/(fow?)? cos [w* ; w?], VW cos [w* ; w?] 


1 2 1; w?], 


1 , cos [w? 
However, if the scalar product, (fw'w*) (fw®w*) be determined by use of (1), 
(fw'w?)(fwew) = cos [w!w? ; 
Expanding the expressions under the radicals by formula (2), 
(fw! w*)(fw*w') 
4 | (fow*)(fow'), (fow*)(fow*) 


>| (fow*)(fow*) , (fow*)(fow*) 
4 | (fow*)(fow*), (fow*)(fow*) 

X cos [w'w? ; ww]. 

Hence, 


cos [w! ; w?] cos [w? ; w*] — cos [w! ; w5] 


(6) cos [w!w?; w?w3] = 


sin [w! ; w?] sin [w? ; w] 
which is a familiar equation in spherical trigonometry, where the angles are 
considered as exterior angles. 
5. Application to four dimensions. Let w'=const., w?=const., w*=const., 
and wt =const. be four arbitrary functions of the coordinates u', u?, 
Formula (2) in this case becomes 


2! 
(3)? 


(fovw')(foyw*), (/oyw") 


? 


which reduces in the usual way to 


(3!)? 


cos [w! ; w3], cos [w! ; 


(fow'w*)(fow'wt) = 


cos [w? ; w*], cos [w? ; 


where etc. 
On the other hand, if the scalar product of (f@w'w?) (fow*w*) is obtained by 
(1) and then (2) is applied to the expressions under the radical, we have 


(fow'w*)( f pwiw*) = 
2! 1 , cos[w! ; w?] 
——L,LoL3L, 
(3!)? cos[w! ; w?], 1 
1 , cos[w*; w*] 
x cos [w'w?; 


Therefore, 
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cos [w! ; cos [w? ; w4] — cos [w! ; w‘] cos [w? ; 


7 1 — 
(7) cos [w'w? ; w>w*] sin [w! ; w?] sin [w? ; w4] 


6. Application to statistics. For applications to statistics it is convenient to 
regard the space in which the sets of variables are represented as Euclidean 
though it is not really necessary to restrict the number of dimensions. In fact, all 
the points may, if desired, be regarded as points of a function space where 
- instead of considering a point as represented by a set of coordinates x;, we sup- 
pose a point to be represented by a function x(¢), where ¢ is a continuous vari- 
able on a given interval.! 

Let there be given m points X, Y, Z - - - inan n-dimensional Euclidean space, 
with coordinates x1 %n, Yn, 21° °* Sn, etc. referred to an origin O. 
As usually defined, the coefficient of correlation between any two of these sets of 
coordinates, as the x’s and the y’s, is simply the cosine of the angle between the 
lines OX and OY. Thus, we have 


rie = cos [OX ;OY]; 123 = cos [OY ; OZ] ; etc. 


In Euclidean space it can be supposed that the products f;f; = 1 or 0 depend- 
ing on whether i =j or i4#j. This will be the case if the axes form a rectangular 
cartesian system. 

Let w'=0, w?=0,---, w"=0 be the equations of m hyperplanes through 
the origin orthogonal to OX, OY, OZ, etc., respectively ; evidently we then have 


rig = cos [OX ; OY] = cos [w'; etc. 


All of the formulas of this paper may now be interpreted in this Euclidean space. 
In the general formula (5) the determinants on the right are minors of the 


determinant, 
1 Ti2 Tin 
22° Ton 
n2°** Tnn 


The minor of second order in which the and rows and r** and 
7 columns are deleted may be conveniently denoted by A,,,,, with similar nota- 
tions for minors of higher order; then 


Ais,23 


VA 12, Aes 23 


cos [wiwt--- w™; 


1 The reader may consult the paper by Dunham Jackson, The elementary geometry of function 
space, in this Monthly, vol. 31 (1924), pp. 461-471,for a clear and simple treatment of these ideas. 
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This gives a geometrical interpretation of the partial correlation coefficient! 
T13.45...0+ 
It may be seen in a similar manner that in general 


»n—l, ny 


which is a partial correlation coefficient of order n —1. 


ON AN ALGORITHM AND ITS USE IN APPROXIMATING ROOTS OF 
ALGEBRAIC EQUATIONS 


By T. A. PIERCE, University of Nebraska 


A continued fraction is the result of eliminating x2, x3, - - - , successively in 
the generating equations 
(1) = git x2 = + - 


The algorithm which we propose to treat in this paper is defined ” the series 
of generating equations 


(2) Xe), = X3), = g3(1 — %), 


In these equations it will be noticed that multiplication takes the place of 
addition in (1) and that subtraction from unity takes the place of the division 
into unity of (1). 

On eliminating x2, x3, ---, in (2) we have 


(3) = — go(1 — gs(---))). 
The expansion of this is 
(4) = — + 919293 — 91929394 


We specify that the q’s, which will be precisely defined presently, are all posi- 
tive. If the terms of the right member of (4) form a monotonically decreasing 
sequence whose terms ultimately approach zero we know from the theory of 
alternating series that the process represented by the algorithm (2) is con- 
vergent. We will be justified therefore in defining the successive convergents 
of x; to be 


Gi — Gi — + 919293, - 


The nth convergent is obtained from (3) or (4) by setting gn4: equal to zero. 
We know also that the mth convergent will differ from the true value of the ex- 
pansion by at most the absolute value of the (7+ 1)st term and therefore cer- 
tainly by at most the absolute value of the mth term which is the last com- 
ponent term of the mth convergent itself. 


1See, for example, Kelley, Statistical Method, pp. 298-299. 
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When expanding a number greater than unity by this algorithm we take 
qi to be the least positive integer such that x2= 1—(x1/q:) is positive; thereafter 
for n=2, 3,---, we take g,=1/p, where p, is the greatest positive integer 
such that x,,:=1—p,X, is positive. If the number to be expanded is less 
than unity we take gi=1/p: where ; is the greatest positive integer such 
that is positive, and then choose qe, gs, - , as before. Note that 
X2, are each less than unity. 

By a periodic or recurring expansion is meant the expression (3) wherein 
the q’s recur periodically from some point on. 

Rational numbers except 1 and 3} expand by (2) into periodic expansions 
with an infinite number of terms. For if the rational number to be expanded 
be greater than unity the choice of q: will give x2 as a rational number less than 
unity. We consider therefore only rational numbers less than unity. Let 
x1=r/s, where r<s, he the number to be expanded. From the very manner 
in which the succeeding x’s are formed in (2) these x’s will be rational numbers 
having the same denominator as x; since it is never necessary to cancel a factor. 
As it is impossible to have an infinite number of different rational fractions 
each less than unity and each having the same denominator we see that a 
repetition must exist in the numerators of the x’s and this entails a recurrence 
among the q’s. 

Conversely every periodic expansion represents a rational number. For if 


are the equations of (2) which contain the first period of the recurrence then 
Xi4,=x; Upon elimination of the x’s intervening between x;,, and x; and 
solving for x; we obtain a rational value of x;. Substituting this value of x; in 
the (¢—1)st equation of (2) and eliminating xe, - - + , x;; we obtain a rational 
value of x1. 

It follows that every non-periodic expansion represents an irrational num- 
ber. Since which equals 1—1+(1/2!)—(1/3!)+ --- 
=1/e, is a non-periodic expansion we have proved very simply that the base 
of the natural system of logarithms is an irrational number. 

Irrational roots of algebraic equations may be approximated by the al- 
gorithm represented in (2). By preliminary transformations of the equation 
its roots are separated and the one x; to be approximated is brought into the 
interval from 0 to 1. This root may be assumed to be the only positive root of 
the equation which is less than unity. The process then is to multiply x: by 
the greatest positive integer ~; which will make their product less than unity, 
change sign of the product, and increase by unity in accordance with the 
equation x2.= —pix,+1. The original equation in x; is subjected to this trans- 
formation. The root x2 of the transformed equation corresponding to x is 
positive and less than unity. Next the same process that was applied to x; is 
applied to x2 to obtain x3 as the root of the second transformed equation and 
such that 0<x;<1. The process is continued, giving 


. 

. 
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Since the ’s are positive integers the condition of convergence is satisfied. It 
is important to notice that since the process is convergent x, approaches zero 
as n grows large. This after the first few stages of the process allows us to 
compute pny: by solving the first degree equation obtained from the trans- 
formed equation in x, by dropping all terms except the last two. Also if we put 
Xn=0 we obtain the mth convergent and we know that this differs from the 
true value of x; by less than 1/(p1 + - + pay1). Thus the degree of approximation 
is known at each stage of the process. 

As a numerical illustration let us approximate the root of the equation 
x’ —5x-+2=0 which lies between 0 and 1. We give the successive transformed 
equations and the corresponding transformations. 


1 
x8 —5x,+2=0 
1 
— x3 + 3x2 +174. -3=0 = —(1 — x3) 
1 
x3° 12x37 452x3 64 = 0 = —(1 x4) 


1 
— xP + 87x2 + 21977x, — 111 = 0 x4 = —(1 — x5) 


The third convergent is 


which may be in error as much as 1/13790=.00007. The fourth convergent is 


1 
2 10 70 13790 


which is correct to within 2 units in the 9th decimal place. 

The transformation of the equations in accordance with xn41:= —ppX,+1 
is performed in two operations, first multiplying the roots of the equation by 
pf» and charging their sign, next increasing the roots by unity. The latter 
operation is particularly simple if carried out synthetically. 

It will be noted that the above method of approximating roots bears the 
same relation to Lagrange’s continued fraction method that the algorithm (2) 
bears to the continued fraction algorithm (1). 
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QUESTIONS AND DISCUSSIONS 


EpiTEp By H. E. BucHanan, Tulane University, New Orleans, La. 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


DISCUSSION 


A GRAPHICAL METHOD FOR THE SOLUTION OF CERTAIN 
TYPEs OF EQUATIONS 


By T. R. C. Witson, Madison, Wisconsin 


A labor saving graphical method for solving certain types of equations is 
illustrated by the following example. 

In connection with.a series of tests on wooden columns it was desired to find 
values of e and E from equations of the type 


Pi? 1/2 
1 = e-sec 
ytemesee( 7) 
or 
Pi? \ 1/2 
la = €-exsec 
(1a) 


where y is the deflection of an Euler column under the load P which was placed 
as centrally as possible but found to have a slight eccentricity e whose value was 
sought as well as the value of EZ, the modulus of elasticity of the column, where 
l is the length of the column; and where J is the moment of inertia of the 
column section. 

Simultaneous observations had been taken of loads and deflections and a 
curve had been plotted. From this curve two values of P, designated P; and P:, 
were taken together with the corresponding deflections, y; and yo. Putting these 
two sets of values in equation (1a) and transposing and dividing resulted in 


ye  exsec 


2 
(2) yi  exsec (P,l?/4EJ)1/2 


Here e has been eliminated and E is to be solved for. Attempts were made to 
find the value of E by expanding the secant into a series by MacLaurin’s 
theorem and solving the resulting equation. It was found, however, that the 
use of the number of terms of the series which could be handled by ordinary 
algebraic methods did not give sufficient accuracy, and a different method was 
sought. 

Equation (2) may be written: 


exsec Oo 


exsec 6; 
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where Y=ye2/y: and 62 and 6; represent the values of the radicals occurring 
in the numerator and denominator, respectively, of the right-hand term of 
equation (2). Since it is evident that 62/6; = (P2/P:)'/?,a constant, let (P2/P,)/? 
=K, whence 62/0,=K. 

By cut and try methods two angles may be found whose ratio is K and the 
ratios of whose exsecants is Y. The cut and try is eliminated by the procedure 
illustrated in the diagram. AB is the curve resulting from plotting values of log 
exsecant @ as ordinates against corresponding values of log 0° as abscissae. 
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A rectangle (CDFE in the diagram) whose width equals log K to the same 
scale as log @ in the plot and whose height equals log Y to the same scale as log 
exsecant @ is drawn on a piece of tracing paper. While keeping the sides of the 
rectangle parallel to the axes of the plot this tracing paper is shifted until two 
diagonally opposite corners of the rectangle are on the curve AB. The vertical 
sides of the rectangle are then over the values of log 4; and log 62 and the 
horizontal sides over the values of log exsec 0; and log exsec 42. 

The diagram represents a solution from the following data: P; = 330000; 
P,=3380007; K=1.012; yi=.65'’; ye=2.10’; Y=3.23; I=1620 ins.?: 
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L=288.75’’. From the diagram, log 63 =1.9516, whence 6;=89.45° =1.558 
radians; and log exsec 0. = 2.040, whence exsec = 109.6. 
By substituting the values of P2 and @2 in the equation 


1/2 
4EI 
E is found to be 1,784,000 pounds per square inch; and putting values of 
exsec 6, and ye in equation (1a) we get e=.0187”’. 
By plotting to natural as well as to logarithmic scales and by reflecting the 
plotted curves in the x-axis, or y-axis, or both, as may be required, the method 
illustrated above can be adapted to the solution of any pair of simultaneous 


equations formed by choosing any equation from the first and any from the 
second line below: 


(x1) +f(x2) =B; f(x1) —f(x2) =B; f(xi)f(x2) =B; f(x1) +f(x2) =B. 


RECENT PUBLICATIONS 


EpiTED By RoGER A. Jounson, Hunter College of the City of New York. 


All books for review should be sent directly to the editor of this department and not to any of the 
other editors or officers of the Association. 
REVIEWS 


Readers who are interested in the reviewing of books are invited to write to the editor of this 
department indicating particular, books which they would like to review or the kinds of books in 
which they would be interested. 


Legons sur la Géométrie des Espaces de Riemann. By E. Cartan. Gauthier- 
Villars, Paris, 1928. vi+273 pages. 


This book begins with very simple and familiar ideas of vectors in Eucli- 
dean space in rectangular Cartesian coordinates and gradually arrives at the 
notion of a tensor and the algebraic and differential operations with tensors. 
In fact the study of the differential geometry of a Riemann space does not really 
begin until the fourth chapter. The method of study consists of associating with 
each point of the Riemann space an osculating Euclidean space; it then follows 
that the properties (at the point) of the Euclidean space which depend on the 
fundamental tensor and its first partial derivatives are valid for the Riemann 
space. 

In order to study the properties of a curve in a Rieman space, a “levelling” 
or “flattening” space is introduced; that is,a Euclidean space which osculates 
the Riemann space along the curve. Its existance is established by proving 
Fermi’s theorem from which a number of interesting geometric conclusions 
are drawn. 
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Although a great many theorems of classical differential geometry have 
been generalized or extended to any Riemann space, the author usually con- 
fines his attention to two and three dimensional Riemann spaces with positive 
definite metrics. Some of the proofs are given for spaces of m dimensions, others 
for spaces of two or three dimensions; often it is not clear to what kind of 
space the proof does apply. Thus in §87 by “any Riemann space” the author 
means one of three dimensions whose metric is positive definite and whose 
fundamental tensor admits continuous partial derivatives of at least the second 
order. The same defect exists in chapter V where a surface is under discussion ; 
there one has to read about half a page further where “ the” unit normal vector 
is mentioned, so that one concludes that the surface is immersed in a three 
dimensional Riemann space since in an n-dimensional space there would be 
n—2 linearly independent normals. 

In this chapter there is a very interesting discussion of the “plane axiom” 
and the “axiom of free motion,” which analytically amount to Beltrami’s 
theorem that the only spaces in geodesic correspondence with a space of constant 
Riemannian curvature are spaces of constant Riemannian curvature. 

Nothing is said about motion in a space which does not satisfy these 
two axioms although motion may take place in a space of this sort. Throughout 
the text one will find many ideas of analysis situs; and many interesting 
topological properties of Riemann spaces homeomorphic to the surface of a 
sphere, torus, etc. are obtained. 

There is also a brief exposition of exterior multiplication and exterior 
differentiation of scalar differential forms which is extended to vector and tensor 
forms, the whole being given a clear geometrical significance. The last chapter 
deals with Riemann’s normal coordinates which could be introduced advantage- 
ously much earlier in the text as it would simplify some of the proofs. 

There are very few misprints and those are obvious (p. 190, 1. 2 and p. 206, 
1.17). One theorem (§172) is improperly stated; it should read as follows: 
“The Riemannian curvature being known for every orientation at a given point 
and the fundamental tensor being known at this point, the values of the components 
of the Riemann-Christoffel tensor at this point are uniquely determined.” 

With this change, the proof as given in the text is valid but is somewhat long 
and fails to give the values of Rij... These may be obtained as follows: Since 


=K(A, w) (giegin— =P, w, g), 
we have 
Interchanging j and k and adding the result to twice the above equation we get 


On the whole, one leaves the book with a feeling of having read about 
something very concrete, the language throughout being vividly geometrical; 
yet there is no lack of analytical rigor. 
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A great many interesting and important problems are not mentioned at 
all in this book but, as the author states in the preface, they will probably form 
the subject matter of another volume which will no doubt be welcomed by 
every student of geometry. 

M. S. KNEBELMAN 


Six Lectures on Recent Researches in the Theory of Fourier Series. By Ganesh 
Prasad. The University Press, Calcutta, 1928, xiv+139 pp. 


The book reproduces a set of lectures given by the author at the University 
of Calcutta. The plan of the book is easily read off from the detailed list of 
contents covering eight pages. The first of the six lectures is introductory and 
gives in outline all the material presented in the later lectures. These deal with 
convergence criteria, convergence defects, Cesiro summability, strong summa- 
bility, properties of Fourier coefficients, etc. There are in addition two appen- 
dices; one containing part of the Riemannian theory, the other, corrections and 
additions. 

The program of the book is obviously an interesting one. There is moreover 
a decided need of a clear, detailed, and accurate treatise on the modern theory 
of Fourier series. So far Hobson’s Theory of Functions of a Real Variable 
stands unrivalled in this field. The excellent book by Schlesinger and Plessner 
unfortunately does not go beyond the convergence theory in the narrow sense. 
Accordingly Professor Prasad has had a first rate opportunity of producing a 
useful book.’ 

Let us grant that the book has some very good points. The author’s collec- 
tion of convergence criteria seems to be complete though he restricts himself 
to regular points. He devotes much space to the important phenomena which 
pass under the name of convergence defects; the Fourier series of a continuous 
function may not converge uniformly in any interval, it may diverge at a point 
or at a set of points everywhere dense having the power of the continuum. 
We also note the account of the theory of strong summability. The book is 
obviously based on much reading. 

The book is unfortunately marred by many defects. It is not easily read, 
a fact which may be due partly to the poor printing and the numerous mis- 
prints which are very annoying. When the lectures were given it may have 
been necessary to suppress many steps in the proofs or to employ heuristic 
arguments; such points should have been elaborated in the printed version. 
The reader receives his first shock at the bottom of p. 18 where a quantity a 
which must be kept fixed in the proof is equated to a quantity tending to zero. 
The discussion of de la Vallée-Poussin’s criterion on pp. 23-24 is rather muddled. 
The formulation of Young’s criterion on p. 24 differs considerably from that of 
p. 4; the author does not show that the two formulations are equivalent. The 
correction on p. 137 of the formulation on p. 4 is a good example of the confus- 
ion in the notation for the symbols “o” and “O” which prevails in the book. 
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The proof in the foot-note on pp. 113-114 is a mystery in its present form. 
Other points could be mentioned. 

The author does not seem to care much for the Lebesgue integral and avoids 
it as much as possible. This is unfortunate since the modern theory of Fourier 
series is based on this instrument and owes its present high status to this fact. 
The convergence theory, in particular, is chiefly concerned with results which 
are true almost everywhere; local results are usually of secondary interest. 
This point does not seem to have occured to the author when he labelled the 
results of his own investigations, in themselves interesting, as “criticism” of 
various criteria of summability due to Lebesgue, Hardy, Carleman and others. 
The interest in these criteria lies in the fact that they are satisfied almost every- 
where by integrable functions and their “failure” at a point may be startling 
but is not a tragedy. The sense of the word “failure” in the author’s investi- 
gations will be discussed later. 

Professor Prasad’s recent investigations! play a conspicuous réle in his book. 
Consider a function having a discontinuity of the second kind at x =x» such 
that f(xo+t) +f(xo—t) =g(t) cos h(t) where g(t) and h(t) are monotone for small 
values of ¢ and at least g(t) is unbounded. P. du Bois-Reymond has discussed 
the convergence of the Fourier series of f(x) at the point x =x». Professor Prasad 
considers summability by arithmetic means or strong summability instead of 
convergence. He is able to prove that the series is summable by such means 
at x =X» for a suitable choice of g(t) and h(t) though the known sufficient condi- 
tions for the type of summability in question may fail in one sense or another. 

It is desirable to consider the case of summability (C1) in more detail. 
Lebesgue has shown that if there exists a quantity S such that 


(1) | 2u) + 20) — 2S|du—0 


when ¢—0, then the Fourier series of f(x) is summable(C1)to the sum S for x = xo. 
It should be noticed that this theorem does not admit of a converse. If the series 
is summable (C1) to the sum T for x =x it does not follow that the left hand 
side tends to 0 or to any limit at all if we give S the value JT. It is obvious that 
it cannot tend to 0 for any other value of S. Professor Prasad has found that 
this case presents itself in the case of the functions which he investigated; 
he gets T equal to zero and the left hand side of (1) does not tend to zero if 
it tends to any limit at all. This is the sense in which Lebesgue’s criterion fails: 
since the converse of Lebesgue’s theorem is not true, there is no contradiction 
with known results. That this phenomenon may occur is a priori obvious; 
it is of course interesting to know that it really presents itself in simple cases 
and Professor Prasad deserves credit for having called attention to it. 
The person who reads the top of p. 10 of his book cannot escape the conclusion, 


1 Bulletin of the Calcutta Mathematical Society, vol. 18 (1927), two papers, and vol. 19 
(1928), five papers. These papers are largely based on earlier papers of the author in the same 
journal dealing with the differentiability of integrals with respect to the upper limit. 
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however, that Professor Prasad thinks Lebesgue was not justified in giving his 
theorem because it does not apply to the case considered by the author. 

It is clear that the behavior of the functions g(t), h(t) and their derivatives 
near t=O is decisive in these investigations. To express this behavior Professor 
Prasad uses a modification of the notation due to du Bois-Reymond explained 
on p. 137. He writes 


(2) Sila) & fal) 


meaning that the two functions are monotone near some point x» and that 
j2/fi-0 when xx». From this relation the author concludes 


(3) fi (x) & fz (x) 


and similar relations for the higher derivatives. All that can be concluded from 
(2), however, is that f/ (x) and f2’ (x) exist almost everywhere; (2) does not imply 
(3) except for very limited classes of functions. The author usually assumes that 
one of his functions in (2) is a simple logarithmico-exponential function; 
this is not sufficient, however. It is necessary to impose severe restrictions on 
both functions in (2) in order that (3) shall follow, e.g. that they are both log- 
arithmico-exponential functions. There is no trace of any such restrictions in 
the book or any where in the recent publications of the author. 
EINAR HILLE 


Analytic Geometry,, By A. M. Harding and G. W. Mullins. The Macmillan 

Company, New Yorks, 1929. viii+312 pages+14 pages of answers. 

In some respects this textbook does not follow the usual tradition of most 
texts in its field. We find more space devoted to the locus of an equation than 
is usually given. In fact it seems to the writer that a little too much space is 
given to this. The article on building up a locus is somewhat of an improvement 
in that the student solves two or more simple equations to locate points on the 
locus instead of using a more laborious method of solving the equation as a 
whole. The ingenious method of solving higher equations, using a graphical 
method that is essentially Horner’s method, gives the student an unusual in- 
sight into this rather complicated subject. 

The article on a circle determined by three conditions is clear and timely as 
is the one on whether a point lies on, within, or outside a circle. 

The treatment of conics is very brief, much more so than usual, and might 
be expanded without detriment, though the simultaneous treatment of the 
ellipse, hyperbola, and parabola saves much explanation on the part of the in- 
structor. 

The use of derivatives in finding the equations of tangents to algebraic 
curves is very appealing. Indeed it is a source of wonder that more texts have 
not made use of this terminology instead of the cumbersome method of finding 
the secant through the given point and then making the second point of inter- 
section approach coincidence with this given point. 


a 
} 


1929] RECENT PUBLICATIONS 533 


More use might have been made of Boscovich’s definition of conics, especially 
bringing out the idea that the e used in the derivation of the equation of the 
conic is the eccentricity, also that the circle is a conic where e equals 0. 

That part of the book devoted to solid analytics is brief, as it should be. 
Few teachers will find it possible to take up even this much in a single semester 
course of three hours per week. 

Taking the book as a whole it seems to be very teachable but rather long 
for a one semester course. 

J. A. CRAGWALL 


Elementare Geometrie, von W. Schwan, Studienrat am Prinzgeorggymnasium 
zu Diisseldorf. Erster Band: Die Ebene, xviii+402 pp. Leipzig 1929, Akad. 
Verlagsges. M. B. H. 


The first volume of a treatise on elementary geometry belongs to the series 
of monographs and text books on mathematics and its applications edited by 
Professor E. Hilb of the University of Wiirzburg. In the preface Professor 
Dehn gives an outline of the character and scope of the book, which in the 
introduction is supplemented by the author himself. H 

He promises to continue in a second volume in a similar manner the treat- 
ment of elementary and affine geometry of space, and finally, in a third volume 
he intends to draw the conclusions which will lead from affine to projective 
geometry. 

The book is divided into 5 parts with 14 chapters. First under the title of 
“figure and transformation,” Schwan writes about the elements of space, 
symmetry, congruence, and similitude, and introduces the group concept 
which in connection with the axiomatic bases dominates the whole structure. 
In the next two parts he establishes a sect and vector calculus with its implica- 
tions and connection with coordinate and complex geometry. The fourth part 
deals with the transition from elementary to affine geometry, and in conclusion 
it is shown how plane geometry is derived from spatial considerations. 

Taken as a whole, the treatise is a happy combination of the customary 
elementary type of geometric textbooks and recent pedagogical methods of 
presentation with the purely axiomatic standpoint and the modern geometric 
ideas which, principally under the influence of Klein, have been of the utmost 
importance in the development of geometry. 

In this respect the book will be of great value to the teacher in secondary 
schools in so far as it will show him what is essential in elementary geometry 
and what its dominating features are when considered from a more advanced 
standpoint. 

The author presumably did not intend the book to be used as a_ text in 
elementary instruction, since some of the axioms would appear as clever 
puzzles to the pupil. Consider for example the three axioms on page 52 upon 
which plane movements are based. The third states that there is just one 
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movement which will move a half-ray S into some other half-ray S’ in the same 
plane. This is not at all obvious and not freely chosen; but it is known before- 
hand by the author that it will work, because it can be proved by elementary 
geometry that it is true in the Euclidean plane. 

I,add a simple proof for the amusement of the reader: Let A and A’ be 
the finite ends of Sand S’. At these points erect perpendiculars to S and S‘res- 
pectively, which will intersect in a point B. Draw the perpendicular bisector 
of AA’ which will cut the circle on AA’B in two points one of which will be 
the center of rotation of S into S’. 

The typography and general make-up of the book is excellent. But some of 
the figures, especially those showing architectural examples of symmetry are 
very poorly drawn, although the names of the draftsmen appear on the title- 
page. 

ARNOLD EMCH 


Theoretical Mechanics. By Joseph Sweetman Ames and Francis D. Murnaghan. 
Ginn and Company, Boston, 1929. ix+462 pages. $5.00. 


This text book on advanced mechanics aims to meet the needs of the pre- 
sent day student of mathematical physics who will proceed from the study of 
classical mechanics to the recently developed theories of relativity and quantum 
mechanics. The choice of topics discussed, as well as the relative emphasis 
and point of view are all well suited to this end. Furthermore the authors 
have attempted to write so that the book “may be read by any competent student 
without the aid of an instructor,” and have been almost more successful than 
could be hoped when one considers the large amount of material treated. 

We shall briefly indicate the contents. This book begins with a lengthy 
chapter on vector analysis. Of particular interest to the mathematical reader, 
we may note the complete manner in which the derivation of the physical in- 
terpretation of divergence and curl, as well as the transformations of these 
expressions to orthogonal curvilinear coérdinates are carried out. Vector 
methods and notation are freely used throughout the book, though not to the 
exclusion of other notations. After a chapter on kinematics, dynamics is in- 
troduced with a statement of Newton’s laws of motion. These laws are followed 
by a very readable discussion of their precise content, and an outline of an equi- 
valent set of postulates. Then follow four chapters on the detailed application 
to particle dynamics, a very brief one on impulsive forces and two on the rigid 
body. The second of these, which discusses the gyroscope, is particularly well 
written, presenting the fundamental principles in a form available for engineer- 
ing applications as well as the integration of the differential equations of motion, 
The next chapter deals with Lagrangian and Hamiltonian coérdinates, with 
application to impulsive forces. The derivation of Lagrange’s equations is 
possibly too brief, as the proof is only sketched for two or more degrees of free- 
dom, reference being made to the treatment of the one dimensional case. 
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Furthermore, the fact that the g; and g, are taken as independent in T, which is 
a stumbling block for students meeting this derivation for the first time, is 
never explicitly mentioned. After a chapter consisting of an excellent treat- 
ment of small oscillations, there follows one in which the Hamilton-Jacobi 
equation is introduced and interpreted. A chapter is then devoted to forms of 
the differential equations of motion applicable to non-holonomic systems, and 
the discussion of general dynamical theory ends with a chapter on methods of 
integration, which includes the application of integral invariants and Poisson 
brackets. 

The four chapters which conclude the book deal with rather isolated topics. 
One deals with the Newtonian potential function, and handles it briefly but 
fairly completely. The chapter entitled “wave motion” presents the derivation 
and integration of the equation of the vibrating string and the telegraph equa- 
tion, and ends with a discussion of the conditions which determine a solution 
of the general wave equation. The next one is devoted to the special theory of 
relativity, and takes the concept of a four-vector as an excuse for introducing 
the definitions and notations of tensors. The last chapter gives a short account 
of dimensional analysis. 

Throughout the book, the presentation is unusually clear, and while at 
times the discussions are closely written, the conscientious student should be 
able to follow the argument without outside help. Particular pains have been 
taken to give an independent account of such mathematical facts as are needed, 
and are not ordinarily treated in our undergraduate mathematics courses. 
For example, the method of solving an ordinary linear differential equation 
with constant coefficients, the definition and elementary properties of the 
elliptic integrals of Legendre and the p-function of Weierstrass, and the reduc- 
tion of a pair of quadratic forms to normal form are all included in the text. 
The standard of mathematical rigor is quite high, and, with the possible except- 
ion of a few places where infinitesimals are used, will satisfy the most fastidious. 
This is the more commendable in view of the too common attitude that all is 
fair in mathematical physics, and that an ordinarily careful mathematician 
has no need for his mathematical conscience when writing on physics. 

At the end of each chapter a list of references to additional treatises and 
articles for further reading is given. The book is well supplied with problems, 
for the most part from traditional sources, which are well selected. A curious 
error occurs in problem 4, p. 327, which is presumably based on problem 1 at 
the end of chapter XI in Whittaker’s Analytical Dynamics. The transformation 
as given by Whittaker is not (as stated) a contact transformation but (except for 
a minus sign) has the properties indicated. As modified in the present text, the 
transformation is not a contact transformation, and has not the required pro- 
perties. 


A possible correct statement of the problem is: Show that the transformation 
defined by the equations 
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Qi = — p? +r — - 

Qo = + p? +r + 

P, = — d/2arc tan (q1/Ap1) + A/2 arc tan (q2/Apo), 
P, = — d/2arc tan (91/Api) — A/2 arc tan (q2/Apo) , 


is a contact transformation, and that it reduces the dynamical system whose 
Hamiltonian function is }(p°2+p.?+)~*q:?+A~*q2") to the dynamical system 
whose Hamiltonian function is Qs. 

The notation for equations is at first sight confusing to one familiar with 
the system of Peano, since, for example, the equation numbered “(3.2)” in 
the present text is not the same as that numbered “(3.20)” but rather the 
earlier equation which would be designated by (3.02) in the Peano system. 

In conclusion, it is hoped that the few criticisms made on minor points 
will not be given undue weight; particularly as in most respects the reviewer 
considers the text under discussion better suited to the average American student 
of advanced mechanics than any other with which he is acquainted. 

FRANKLIN 


An Editor’s Note on a Review of the Emery and Jeffs “Algebra for Secondary 

Schools.” 

Mr Stephen Emery, one of the authors of Emery and Jeffs’ Algebra for 
Secondary Schools, has raised the question whether the review! of that book 
in the March issue of the Monthly did full justice to the book. The department 
editor has undertaken to look into the matter and to arrive at a reasonable 
compromise between the points of view of the authors and of the reviewer. 

The statement made in the review, that “logarithms and numerical trigonom- 
etry are not made integral parts of the book but are detached in the appendix” 
seems to have been a slip. The book has no appendix; the chapters in question 
are at the end of the book, but are not separated from the rest of the text in 
any way. It also appears that the full Euclidean method for the highest common 
factor is not, as was stated in the review, to be found in the book. 

The review stated that “the book departs drastically from the reeommenda- 
tion of the National Committee that the function concept be made the keynote 
of mathematics.” In the opinion of Mr. Emery, “ it is tiue that the words 
function and functionality are not used with extreme frequency, but the 
concept is an essential and prominent part of the warp and woof of a large part 
of the book.” It is the view of the present writer that the function concept is 
the head of King Charles which cannot possible be kept out of any mathematics 
text; but that perhaps we have had a tendency to too extensive harping on the 
word functicoa. Whether the book under consideration presents adequately 
the spirit of the function concept is a question of opinion and judgment on 
which our author and our reviewer differ honestly. 


1 This Monthly, vol. 36 (1929), p. 164. 
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Several criticisms by the reviewer astothe selection of materialare questioned 
by the author. In the judgment of the editor, these are matters of opinion 
to a considerable degree, and subject to the principle “de gustibus non disputan- 
dum.” Most of the criticisms indicated the inclusion of too much material, 
and omission is therefore always possible. The treatment of variation, found 
rather slight by the reviewer, is considered by the author as “condensed but 
entirely adequate.” One wonders how long it will be before the treatment of 
variation as a separate topic in our algebras will have gone the way of cube root, 
alligation alternate and medial, and other useless lumber. 

The editors of the Monthly do not wish to foment acrimonious debate con- 
cerning reviews, but are very desirous that full justice be done to every book 
reviewed and that every viewpoint be fully recognized. In the present instance 
it is clear that the reviewer was in error as to one or two matters of fact, and 
that-her judgment differed from that of the authors at several points. As it has 
been said that difference of opinion is the motivating factor in the sport of 
horse-racing, so these differences of opinion will stimulate interested readers 
to examine the book for themselves and form their own conclusions. 


R.A. J. 


MATHEMATICS CLUBS 


EpitTEp BY H. J. EtrLinGer, University of Texas, Austin, Texas. 
All reports of club activities should be sent to H. J. Ettlinger, 3110 Harris Park Ave., Austin, 
Texas. 


CLUB ACTIVITIES 


The Napierian Club, DePauw University, Greencastle, Indiana. 


The officers for the year 1928-1929 were: Alfred Vaughan (’29), President; Louise F. Davis 

('29), Vice-President; Geneva Annis (’29), Secretary; J. Merle Harris ('29), Treasurer. 

The following programs were given at the regular monthly meetings: 

October 18, 1928. Election of new members. “Solution of equations” by Paul Sharp. 

November 8. “The history of the Napierian Club,” by Mary E. Cline, “The life and works of 
John Napier,” by Geneva Annis. 

December 13. “History of the magic square,” by J. Merle Harris; “Construction of the magic 
square,” by Edward Sights. 

January 10, 1929. “History of the decimal point,” by Robert Hixson; “Squaring of a circle,” by 
Edgar Young. 

February 14. “Graphic method of solving quadratics,” by Paul Godwin; “Calculating prodigies,” 
by Russell Nichols. 

March 14. “Proofs for the Pythagorean proposition,” by Russell Rosenkrans; “Proofs for the 
impossibility of trisecting an angle,” by Karen Ita Cooper. 

April 11. “Mathematics in the development of the music scale,” by Professor H. E. H. Greenleaf; 
“Continuous functions that do not have derivatives at some point,” by Professor W. C. 
Arnold. 

May 9, 1929. “Four-fours problem,” by Charles Stunkel. Election of officers. 


(Report by Miss Annis) 
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The Mathematics Club of the North Carolina College for Women, Greensboro, 


The officers of the club for the year 1928-1929 were: Sallie Spratt (’29), President; Louise 
Leary (’30), Vice-President; Olive Renfroe (’30), Secretary-Treasurer; Edith Allie (’29), Chairman 
of the Program Committee; Professor C. Strong, Faculty Adviser. 

The club held monthly meetings with the programs as follows: . 
October. Business meeting: drawing up and adopting a new constitution. 

November. “Famous theorems of geometry,” by Virginia Tucker, Margaret Redwine, Alma Smith. 

December. “Geometrical symmetry,” by Mary Kapp, and “Algebraic symmetry,” by Roxana 
Yancy. 

February. Initiation of new members. Social. 

March. “Einstein’s theory of relativity,” by Elizabeth Hall. 

April. “History of Women in mathematics,” by Mary Dranghan; “Mathematics as a vocation for 
women,” by Mrs. C. G. Woodhouse, Vocational Director. 

May. Election of officers. The officers for 1929-30 are: Mary Kapp, President (’30); Margaret 

Redwine (’30), Vice-president; Mary Welch Parker (’31) secretary-treasurer. 

(Report by Olive Renfroe) 


Tuftconic Club, Tufts College, Mass. 


The officers for the year 1927-1928 were: Richard Tousey ('28), President; Cora B. Harlow 

(’29), Vice-President; Helen G. Murray (’28), Secretary; Sumner Harwood (’28), Treasurer. 
The program for 1928-1929 included the following topics: 

February 16, 1928. “Maps,” by Professor William R. Ransom. 

March 22. “The function of a complex number,” by Merrill Orswell, ’26. 

April 24. “Mechanically-drawn curves,” by Richard Tousey, ’23. 

May 15. Picnic at Nahant Beach. The following officers were elected for the year 1928-1929; 
Burnham L. Paige (’29); Cora B. Harlow ('29), Vice-President; Eleanora L. Czerniewska 
(31), Secretary; Dorothy L. Stone (’29), Treasurer. 

May 31. “Euclid’s beginning,” by Professor William R. Ransom. 

October 25. “Beginnings of non-Euclidean geometry,” by Dorothy L. Stone, ’29. 

November 13. “Projective geometry and Pascal’s hexagon,” by Dr. William Fitch Cheney. 

December 5. “The trisection of an angle,” by Dean Frank G. Wren. 

January 9, 1929. “Empirical equations,” by Professor Titus E. Mergendahl. 

February 7. “Methods of factoring large numbers,” by Dr. William Fitch Cheney. 

The club holds its meetings once a month during the academic year, the last meeting being 
in the form of a picnic at which officers for the coming year are elected. 
(Report by Eleonora L. Czerniewska) 


The Alabama Chapter of Pi Mu Epsilon. 


Officers for the chapter for 1927-28 were elected as follows: Professor Fred A. Lewis, Director; 
William F. Adams (’27), Vice-Director; Margaret Perry (’28), Secretary; Vernon Leftwich ('28), 
Treasurer; Sarah E. Haughton (’29), Librarian. 

Meetings were held as follows: 
October 31, 1927. “Simpson’s rule and its application,” by William Adams, ’'27. 
December 18. Initiation of new members followed by a party at the home of Director and Mrs. 

Lewis. 

February 6, 1928. “The Jacobian,” by Margaret Perry, '28. 
February 27. “Inertial integrals,” by Mrs. J. C. Nixon. 

March 26. “Trilinear coordinates,” by Jean Lang Kitchell, '28. 
April 30. Picnic and initiation of new members. 


(Report by Margaret Perry) 
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The Missouri Beta Chapter of Pi Mu Epsilon, Washington University, St. 
Louis, Mo. 


Nine regular meetings were held during the year as follows: 

Oct. 25. “Map projections,” by Mr. H. R. Grummann. 

Nov. 25. Reception for visiting members of the Southwestern Section of the American Mathe- 
matical Society and the Missouri Section of the Mathematical Association of America. 
Professor E. B. Stouffer, of Kansas University, gave an exceptionally interesting address on 
the study of mathematics in contemporary Italian universities. 

Dec. 13. “Algebra for blind students,” by Mr. Harry Bauer. 

Jan. 23. “Numerical differentiation and integration,” by Professor Jessica Young. 

Feb. 23. “A defective proof in our geometries” by Professor Otto Dunkel. 

Mar. 21. Business Meeting. Election of new members. 

Apr. 13. Annual banquet and initiation of twenty-two new members. On this occasion Mr. W. O. 
Pennell, Chief Engineer of the Southwestern Bell Telephone Company, gave an address, 
illustrated by lantern slides, on “Telephoto.” Each member was presented with an excellent 
photograph of Col. Chas. Lindbergh which had been sent to St. Louis over the lines of the 
Bell system. 

Apr. 27. “The relation of geometry to physics,” by Professor Frank Bubb. 

May 18. On this occasion the members were guests of Dr. Young, the Director of the chapter. 
Mr. George Harvey spoke on “The theory of linear dependence.” The following officers for 
the year 1928-29 were elected: Mr. W. O. Pennell, Director; Miss Elizabeth L. Harris, Vice- 
Director; Dr. Jessica M. Young, Secretary; Miss Amy R. Claus, Assistant Secretary; Mr.H.R. 
Grummann, Treasurer; Mr. George A. Harvey, Librarian; Miss Bernice Hosch, Miss Pearl 
Schukor, Mr. Harold J. Miller; Mr. Wm. L. Knaus, Members of the Executive Committee. 


(Report by Professor Jessica M. Young) 


The Hunter College Chapter of Pi Mu Epsilon. 


The year of 1927-1928 was a most profitable one for the Hunter College Chapter of Pi Mu 
Epsilon. Four program meetings were held each semester. In commemoration of the two hun- 
dredth anniversary of Newton’s death the members undertook to study during the first semester 
Newton’s contributions to Science. The second semester was devoted to a study of the Theory 
of Numbers. Each student member presented a short report of about ten minutes duration. 
The papers thus presented were not independent of one another, but were designed so that those 
presented at each meeting formed a connected unit. The interest of the members and the success 
of the meetings were clearly demonstrated by the enthusiasm with which the reports were pre- 
pared and presented and the large attendance at each meeting. 

Following an established precedent, a prize was awarded to the best speaker of each semester. 
A prize of a book, Sir Isaac Newton, was presented to Lillian Abramowitz, who was judged to be 
the best speaker of the Fall semester. The best speaker of the Spring semester, Natalie Birnkrant, 
was awarded a copy of Goursat-Hedrick’s Mathematical Analysis. 

Four social meetings were held during the year. On October 15th, an initiation dinner was 
held at Standish Hall, at which the members had the pleasure of hearing addresses by Professor 
Fort and Professor Fite. A less formal initiation was held February 18th. On April 22nd the 
Faculty invited the student members to tea. A bridge party for graduating members was held June 
11th at the Hotel Woodward. 

There were 46 active members during the Fall semester and 50 during the Spring semester. 
The officers for the year were: 

Director: Professor Walker (Fall), Dr. Weisner (Spring); Vice-director: Jean Hutchinson 
(Fall), Bertha Boschwitz (Spring); Recording Secretary: Helen Dauenhauer (Fall), Anna Kenny 
(Spring); Corresponding Secretary: Frances Rice (Fall), Lillian Abramowitz (Spring); Treasurer: 
Marcella Votava (Fall), Frieda Talmey (Spring). 
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Pi Mu Epsilon and the White Mathematics Club of the University of Kentucky, 
Lexington, Ky. 


The meetings of Pi Mu Epsilon and the White Mathematics Club alternated during the 

year. The combined program was as follows: 

October 27, 1927. “The number system,” by Professor Claiborne G. Latimer. 

November 10. “A sufficiency condition for lower semicontinuity of S,F(x, y, x’, y’)ds,” by*Pro- 
fessor H. H. Downing. 

December 1. “Mathematical considerations in Spengler’s Decline of the West,” by Professor 
J. M. Davis. 

December 15. A report on the Convention of Pi Mu Epsilon at Nashville, by Dean P. P. Boyd; 
“Some applications of differential equations,” by Professor D. E. South. 

January 15, 1928. “On sketching certain curves,” by Professor E. L. Rees. 

February 9. “Absolute or infinite region of geometry,” by Mr. Marion Brown. ‘Present Day 
Mathematics in Italy,” by Professor H. H. Downing. 

March 15. “On cubic congruences,” by Professor C. G. Latimer. 

April 12. “Cryptography,” by Miss Sallie Pence; “Some Russian mathematicians,” by Professor 
C. G. Latimer. 

April 26. “Higher singularities,” by Mr. M. B. Tolar. 

April 26. “Integration by parts,” by Miss Ethel Botts; “Chinese mathematics,” by Mr. W. W. 
Chambers. 

(Report by Elizabeth LeStourgeon) 


The Mathematics Club of Hunter College of the City of New York. 


The year just closing has been an active and interesting one for the Mathematics Club. 
Fortnightly meetings were held at which a series of topics too long to be printed in full were dis- 
cussed. Outstanding among the papers presented were: Infinite series, and the properties of 
the trigonometric, exponential and logarithmic functions of a complex variable; Newton’s inter- 
polation polynomial, and several types of practical application; The normal frequency-distribution 
function for a single variate, and the adjustment of precision observations; Curve fitting by the 
method of averages, and by the method of least squares; Elements of the algebraic theory of 
quaternions; Mathematics and music. Mr. Arne Fisher, statistician of the Western Union, 
lectured to the club on “Certain topics of probability theory.” There were two important social 
events—a reception and tea in the fall term, and a bridge party in the spring term. 

The officers for the year 1928-1929 were: Lillian Glass, President; Miriam Fassler, Vice- 
President; Miriam Schechter, Secretary; Margaret Hosey, Treasurer; Muriel Rosner, Publicity 
Manager; Prof. Lester S. Hill, Faculty Adviser. 

The three Annexes to the Main Building also did active club work. The lively interest in 
these various centers insures a successful club when the students become juniors and seniors. 
The 85th Street Mathematics Club consists entirely of lower freshmen. These are prospective 
majors. They have had talks from their own number and from members of the staff on such 
topics as the transit, physics or mathematics, mathematical paradoxes; they have presented a 
play, “The Mock Trial of A versus B,” a dramatization by a former Hunter Student of Stephen 
Leacock’s story “A, B, C;” they were entertained by the mathematics instructors toward the end 
of the term at a tea. 

At the Annex in Brooklyn, one member of the club prepared her own slides for a talk on the 
history of numbers. The wide area of the mathematical field is shown by the list of papers pre- 
sented here: Function concepts of mathematics; Fourth dimensional space; Fabre, entomologist 
and mathematician; Algebra in the American Colonies; History and transcendence of 7; Extension 
of the number system; Mathematics and music; Nature of mathematics; Some unsolved 
problems; Four dimensional geometry. With the exception of three papers, the topics were pre- 
sented by students. 
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A similar diversity of interest is shown in the work at the third Annex. The Department 
is confident that the Club work contributes materially to the success of its students in the class 
room. 

(Report by Professor L. G. Simon) 


The Mathematics Club of Wellesley College, Wellesley, Mass. 


The Program of the Mathematics Club of Wellesley College for the year 1928-29 was as 
follows: 

May, 1928. Election of Officers: Esther Neubrand ('29), President; Mildred Shineman ('29), 
Vice-President; Celia Russel (’29), Treasurer; Elsie Franck (’30), Secretary; Evelyn Bristol 

(’30), Junior Executive. 

October 12, 1928. An account of the meeting of the Mathematical Association of America at 
Amherst, by Professor Lennie P. Copeland and Professor Clara Smith of Wellesley College. 
“Mathematics at the Sorbonne, France,” by Eleanor Moise, '29. 

November 23. “Chance in a game of dice,” by Mildred Shineman, ’29; “The nine point circle,” 
by Celia Russel, ‘29, “Zeno’s paradoxes,” by Elsie Franck, ’30; “Rule of single and double 
false position,” by Esther Neubrand, ’29. 

January 25, 1929. Informal meeting in the Treasure Room of the library to look at the many 
16th, 17th, and 18th century mathematic books. 

February 15. “Some elementary properties of integers,” by Professor Brinkman of Harvard. 

April 5. “Four systems of numbers,” by Professor Clara Smith of Wellesley College. “The straight 
edge,” by Professor Marion Stark of Wellesley College. 

May 17. Election of Officers: Elsie Franck (’30), President; Muriel Fuller (’30), Vice-President; 
Frances Kauffman (’30), Treasurer; Melita Holly (’31), Secretary; Adelaide Newman (’31), 

Junior Executive. 

(Report by Elsie Franck) 


Phi Chi Mu Honorary Science Club of Washington & Jefferson College, 
Washington, Pa. 


As Washington & Jefferson College is a small “Arts College,” limited to 500 men, all in 
regular course, it has seemed best to haveone science club, including all honor men of the two upper 
years in mathematics, physics, chemistry, and biology; although most of the members are majoring 
in mathematics. 

The officers for the year were: A. B. Bowden, President, Paul Jose, Secretary-Treasurer. 

The program for the year was as follows: 

November 6, 1928. “Color photography,” by Dr. Malecot. 
December 11. “Discussion of Einstein’s work,” by George Schweigert. 
January 15, 1929. “Fourth dimension,” by A. B. Bowden. 
February 5. “Map projection,” by Paul D. Jose. 
March 5. “Gels,” by John Dom. 
April 9. “The mathematics of chemistry,” by F. B. Durigg. 
May 7. “Duality in mathematics,” by J. A. John. 
(Report by Professor Atchison) 


The Denison Mathematics Club, Denison University, Granville, O. 


September 27, 1927. The duo-decimal system, by Miss Tippett; Magic squares, by Al Bakeman; 
Large numbers, by Dr. Wiley. 

October 11, 1927. Charts, by Dr. Wiley. 

October 25. The nine point circle, by Miss Peekham. 

November 12. Galois number fields, by Mr. C. C. MacDuffee. (Joint meeting with Engineering 
Society.) 

November 29. Napier’s bones, by Donald Fitch. 
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December 13. Christmas Party. 
January 10, 1928. The wonders of the heavens, by Dr. Biefeld. 
January 31. Arithmetical progressions, by Lillian Dallman. 
February 21. Units and dimensions as used in physics, by Dr. Coons. 
March 6. Mathematics in chemistry, by Dr. Ebaugh. 
March 20. Regular business meeting. 
April 10. Units and dimensions as concerned in engineering, by Mr. Greenshields. 
April 24. Complex numbers, by Mr. Kato. 
May 8. Tests and measurements in educational computations, by Miss Wood. 
May 22. Business meeting. 
June 1. Club banquet. 
(Report by Miss Deeds) 


The Undergraduate Mathematics Club of the University of Towa, Iowa City, 
Towa. 


The officers for the year were: Prof. L. E. Ward, Faculty Adviser; Mr. Neal H. McCoy, 

President; Mabel Huber, Secretary-Treasurer. 

The program for the year was as follows: 

October 4, 1928. Mr. Fred Reusser talked on “Euler and his works.” 

October 18. “The life and works of Gauss,” by Mr. C. C. Sherman. 

November 14. “Contemporary American Mathematicians,” by Professor H. L. Rietz. 

December 13. “The life and works of Laplace,” by Mr. Milton J. Goldberg. 

Febru 7, 1929. “The graphical solution of quadratic, cubic, and bi-quadratic equations,” by 

Professor L. E. Ward. 

February 21. “Some geometrical transformations,” by Mr. Paul Trump. 
March 7. “Some elementary invariants,” by Mr. Allen T. Craig. 
March 21. “A comparison of coordinate systems,” by Mr. Wilbur B. Cliff. 

Each talk was preceded by a short social meeting. The following officers were elected for 
1929-1930: Professor L. E. Ward, Faculty Adviser; Mr. Wilbur B. Eliff, President; Miss Fern 
Barr, Secretary-Treasurer. 

(Report by Mabel Huber) 


PROBLEMS AND SOLUTIONS 


EpITED BY B. F, FINKEL, OTTO DUNKEL, AND H. L. OLSon 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with a margin at least one inch wide on the 
left. 


PROBLEMS FOR SOLUTION 


N.B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known textbooks or results found in readily accessible sources 
will not be proposed as problems for solution in the Monthly. In so far as possible, however, the 
editors will be glad to assist members of the Association with their difficulties in the solution of 
such problems. 


3398. Proposed by V. Ivanoff, San Francisco, California. 
Prove that 
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1 sin® M sin® V sin® P 
R? R? R2 R? 


where R is the radius of curvature of a given curve in the point (x:y12:); R:, Ry, 
R, are the radii of curvature of the projections of this curve in the co-ordinate 
planes, YOZ, XOZ, and XOY in the points (y1, 21), (x1, 21), and (x, y1), res- 
pectively; M, N, P are the angles between the tangent to the curve in the 
point (x1, yi, 21) and OX, OY, and OZ, respectively. 


3399. Proposed by B. C. Wong, Berkeley, California. 
Prove or disprove 


where ¢=r/2 if r is even and t=(r—1)/2 if r is odd. 


3400. Proposed by W. O. Pennell, St. Louis, Mo. 
Find a function of x, f(x), such that 


f(x) = af(x — = x(x — r) f(x — 2r) = x(x — — f(x — 3r), ete. 
and f(r) =r, where r is a given real quantity >0. 


3401. Proposed by Paul Wernicke, Washington, D. C. 

Let a, b, c,d, be four lines in a plane no three of which are concurrent. Let f 
be the join of the intersections ac and bd and g the join of the intersections of ad 
and bc. Prove that (sin af/sin fc) /(sin ag/sin gd) = (sin bg/sin gc) /(sin bf /sin fd). 


3402. Proposed by S. A. Corey, Des Moines, Iowa. 
Let f(y) =0 be a numerical equation, algebraic or transcendental, a solution 
of which is sought. If x =1 this equation becomes identical with 


(1) + gly) — xg(y) = 0, 


where g(y) may be any function of y whatsoever. If yo be so chosen that f(yo) 
+2(¥0) =0, yo being preferably an approximate value of the root of f(y) =0 
sought, y may be developed by (1) by infinite series in terms of x by Maclaurin’s 
formula (Lambert’s method). But the form of g(y) is a matter of choice. 
Give a rule for finding such a form of g(y) as to render the development of 
y in terms of x by Maclaurin’s formula the most rapidly convergent. 

Note: A prize of $10 is offered by the proposer to the person sending in a 
solution or comment most enlightening, in the judgment of the editors. 


3403. Proposed by E. A. Whitman, Carnegie Institute of Technology. 

If in problem 3379, proposed in May, 1929, $12 is replaced by “a” dollars, 
for what values of “a” is there a solution? 

Problem 3379 reads: Two men own jointly x cows which they sell for x 
dollars per head, and with the returns buy sheep at $12 per head. As their 
income from the cows is not divisible by 12 they purchase a lamb with the 
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remainder. Later they divided the flock so that each had the same number of 
animals. How much money was due the man with the lamb by the other man? 


SOLUTIONS 


3334[1928, 377]. Proposed by James Singer, Graduate College, Princeton, N. J. 
Evaluate 


limi 1 ey en 
Qn Q2-1-e, + (erter) + + D2n— + ++en) 


where e;=0 or 1, and the sum is extended over all possible choices of the e’s; 
i.e., the sum of the m terms where all the e’s except one are zero, plus the 
n(n—1)/2 terms where all the e’s except two are zero, - - -, plus the single term 
where all the e’s are unity. 


Solution by Schieffelin Claytor, Washington D. C. 


It will be convenient to find first the sum of all the rth terms for a given 
n, where e,=1, i.e., the sum of all the terms 1/2°, where p=2r—(e:+ee 


“+--+ +e, 1+1). Fora given set of values for e, €-1 this term will 
occur 2"~" times. Also if K is an integer, 0< K <r—1, there are ,1Cx ways of 
choosing unit values for the e’s so that e;+e.+ --- +e,..=K. Hence the sum 


of all the 7th terms is 


r 


K=0 


Taking the sum of the above results for r=1, 2,---, m and dividing this sum 
by 2", we have 


and hence the desired limit is 2/5. 


3351 [1929, 494]. Proposed by C. D. Smith, Louisiana College. 

Assume AOBC to be an octant of a sphere of radius R and center O. Find 
the radius of the inscribed sphere. Also find the radius of a sphere which is 
tangent to the two spheres and to two planes of the octant. 


Solution by J. H. Neelley, Carnegie Institute of Technology. 


If r is the radius of the sphere inscribed in the octant, the codrdinates of the 
center must be r, 7, 7. Since this sphere touches the sphere of radius R, we must 
have r/(R—r) =3— 2 or 

The second sphere will be assumed to be tangent to y=0 and z=0; and, 
if its radius is k, the coérdinates of its center are h, k, k. Since it is tangent to 
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the sphere R, we have (R—K)*?=h?+2k?. Since it is tangent to the sphere r, 
we have (h—k)?+2(k—r)?=(k+r)*. This pair of equations gives the desired 
value k = 


3356 [1928, 564]. Proposed by L. S. Johnston, Pennsylvania State College. 

Consider a triangle ABC, with angles at A and B acute and the angle at A 
greater than the angle at B. Let A’, B’, and C’ be the feet of the respective 
perpendiculars from A, B, and C to the opposite sides. Let the perpendiculars 
from A to the lines A’B’ and A’C’ meet those lines at R, and R,, respectively; 
let the perpendiculars from B to the lines B’C’ and B’A’ meet those lines at 
S, and S,, respectively; let the perpendiculars from C to the lines C’A’ and C’B’ 
meet those lines at 7, and 7, respectively. Show that the conic with A’ and B’ 
as foci and S, and R, as vertices is tangent to AB at C’; that the conic with 
B’ and C’ as foci and 72 and S\ as vertices is tangent to BC at A’; that the conic 
with C’ and A’ as foci and R, and 7) as vertices is tangent to CA at B’. 


Solution by Rufus Crane, Ohio Wesleyan University. 


In any triangle, the vertices and the orthocenter are the excenters and in- 
center of the orthic triangle; if the given triangle is acute angled, its orthocenter 
is the incenter of the orthic triangle, but if the given triangle is obtuse angled, 
the vertex of the obtuse angle is the incenter of the orthic triangle.' Hence, a 
circle with center at B, and tangent to B’C’ at S, is also tangent to B’A’ at S,,. 
Thus B’S,=B’S,. Similarly, C’T,=C’T, and A’Ri=A’R:. Also, if A’B’ be 
denoted by c’, B’C’ by a’, C’A’ by b’, and their sum by s’, then A’R,=s’—c’ 
= B'S, and C’Si+C’R.=c’. Thus, if the angles A and B are both acute, we have 


+ B'S; A = + A ’R,. 
But if one of these angles, say A, is obtuse, we have 
= B'C' = B'S, A'S: = A'R, B’R,. 


Also, BA is the bisector of the angle external to B’C’A’ if both A and B are 
acute, of the internal angle if either B or A is obtuse. Hence, a conic with A’ 
and B’ as foci and R, and S, as vertices will pass through C’ and have for 
tangent at C’ the line BA, this conic being an ellipse if both B and A are acute, 
and a hyperbola if either B or A is obtuse. 

Thus, in an acute angled triangle, all three of the conics described in this 
problem are ellipses; in an obtuse angled triangle, that one which touches 
the side opposite the obtuse angle is an ellipse, whilethe other twoare hyperbolas. 

Also solved by Nathan Altshiller-Court, C. A. Rupp, and A. Pelletier. 


1 Durell’s Modern Geometry, Theorem 21 is a special case of this theorem, but is not so stated. 
In Altshiller-Court’s College Geometry, section 147 is a similar treatment of a related theorem. 
Richardson and Ramsey, in Modern Geometry, page 27, give the theorem correctly stated. 
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NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 

Rutgers University conferred the honorary degree of Doctor of Science upon 
Professor Richard Morris in June, 1929. : 


Associate Professor A. E. Cooper, of the University of Texas, has been pro- 
moted to a professorship of applied mathematics. 


Professor W. V. N. Garretson has been appointed associate professor of 
mathematics at Oklahoma Agricultural and Mechanical College. 


Mr. Charles Hatfield has been elected professor of mathematics at George- 
town College, Georgetown, Ky. 


Associate Professor W. R. Hutcherson, of Berea College, has been promoted 
to the rank of professor of the department of mathematics. 


Dr. Oystein Ore, of Yale University, has been promoted to a professorship 
of mathematics. 


Associate Professor T. A. Pierce, of the University of Nebraska, has been 
promoted to a professorship of mathematics. : 


Associate Professor J. F. Reilly, of the University of Iowa, has been pro- 
m ted to a professorship of mathematics. 


Professor W. T. Stratton, of Kansas State Agricultural College, is spending a 
year of sabbatical leave in graduate work at the University of Washington. 


Professor E. B. Wilson, of Harvard University, has been elected President 
of the Social Science Research Council. Professor Wilson has been granted 
leave of absence for the present academic year. 


Dr. Charles Ranold MaclInnes, associate professor of mathematics at 
Princeton University, died on September 29, 1929, at the age of 53. 


Dr. R. M. Mathews, associate professor of mathematics at West Virginia 
University, died on October 20, 1929, after suffering for several years from a 
weakened heart. He was a charter member of the Mathematical Association. 


Professor Fred Reusser, of Buena Vista College, Storm Lake, Iowa, died 
October 11, 1929. : 
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Barrow, D. F. See Garabedian, C. A. 
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T. E. MERGENDAHL, 


and G. W. Mullins. Analytic Geometry. 
J. A. CRAGWALL, 532-533. 

Harter, G. A. See Shibli, A 2 

Hille, E. See Prasad, G. 

See Van Hoesen, H. B. 

Hofmann, Lulu. See Salle, O. 

Hoheisel, G. Partielle Differentialgleichungen. 
W. M. Wuysury, 332. 

Huber, C. M. See Shaw, kB. . 

Hufford, M. E. See Carmichael, R. D. 

Hughes, R. T. See Siddons, A. W. 

Ingraham, M. H. See Lindow, M 

See Steffensen, J. F. 

Jeffreys, H. Operational Methods in Mathe- 
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Mergendahl, T. E. See Harding, A. M. 
Merrill, A. S. See Lennes, N. J. 
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238-239; 3318, 239; 3319, 289-290; 3320, 
291; 3321, 291; 3322, 291-293; 3323, 293- 
294; 3324, 294; 3325, 338; 3326, 338-339; 
3327, 339-340; 3328, 340; 3330, 340-342; 
3331, 496-497; 3332, 400-401; 3334, 544; 
3335, 401-402; 3336, 402; 3337, 402-404; 
3338, 404; 3339, 404-405; 3341, 405-406; 
3342, 449; 3343, 449-450; 3344, 451; 3345, 
451-452; 3346, 452-453; 3348, 494-496; 
3351, 544-545; 3356, 545; 3375, 294-295. 


NOTES AND NEWS 


Academies, Associations, Congresses, Societies, 
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Mathematicians of Slavic Countries, 346; 
Mathematical Association of America, 
58, 295, 298; ‘National Council of Teachers 
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California, 299, 300; Chicago, 117, 118; 
Colorado, 175; Columbia, 176; Cornell, 


176; Illinois, 176; Indiana, 176; Iowa, 176; 
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ADDENDA AND CORRIGENDA 


Volume XXXIV, 1927: 
i 446, 10th and 1ith lines, replace ‘‘Twelfth Summer Meeting” by ‘‘Eleventh Summer 
Meeting.” 


Volume XXXV, 1928: 
. 451, ist and 2nd lines, replace ‘‘Thirteenth Summer Meeting” by Twelfth Summer Meeting. 
P. 560, 6th line, replace Xi by xs. 
574, 5th line, replace “Bailieft” by “Ballieff.” 
575, 7th line under Notes and News, for “508” read “503.” 
. 577, insert after “Dunkel, O.,” “Dunlap, L. T., 569.” 
577, under “Fort” for “564” read “554.” 
580, under “Poritsky” insert “568.” 
. 582, in “Wheeler, A. H., ” replace “n” by “h.” 


Volume XXXVI, 1929: 
84, 15th line from bottom, or “convergant” read “convergent.” 
120, under LEPESHKIN for “L. A.” read “S. A.” 
175, 11th line from bottom, for “Miler” read “Miles.” 
240, 3rd line, for “Kbhn” read “Kuhn.” 
256, 19th line, for “s” read “is.” 
317, 4th line for “days’” read “day’s.” 
421, 18th line, for “form” read “from.” 
422, 10th line from bottom, for “to” read “of.” 
423, first line, for “to” read “of;” 8th line, for “to” read “for.” 
436, second line, for “dring” read “during.” 
. 453, 17th line, invert “te” in compteition;” 22nd line, for “Union” read “Electric.” 
. 454, 20th line, for C. K. read C. R. 
490, 5th line, for “Wiley” read “Wylie.” 
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The Fourth 
Carus Mathematical Monograph 


The Carus Monograph Committee is pleased to announce that the fourth number 
is now in process of publication and will soon be ready for distribution. The title 
of this Monograph is “Projective Geometry” by Professor JoHNn W. Younc of Dart- 
mouth College, now President of the Association. The preceding numbers are: 
(1) “Calculus of Variations” by Professor GitBert A. Buiss; (2) “Analytic Func- 
tions of a Complex Variable” by Professor Davin R. Curtiss, (3) “Mathematics of 
Statistics” by Professor HENry L. RIETz. 

The price of these Monographs is $1.25 to institutional and individual members 
of the Association when ordered directly through the Secretary, one copy to each 
member; this is the bare cost of production. The price to all non-members of the 
Association and for all quantity orders for class use is $2.00 per copy, obtained only 
through the Open Court Publishing Company, 339 East Chicago Avenue, Chicago, 
Illinois, distributors to the general public of Association publications. 

As heretofore, for the convenience of members, the forthcoming Monograph will 
be charged along with the bill for annual dues late in December. (This item may be 
cancelled in case it is not wanted.) New members and those who have neglected to 
subscribe for the previous numbers may still do so by ordering directly from the 
Secretary. As the series goes on, the complete list of Monographs will become more 
valuable if not indispensable to the individual library of an increasing number of 
members as well as to most college and all university libraries. It is gratifying to an- 
nounce that the sales of the preceding numbers are continuing very favorably and that 
two of them have already gone to second editions. It would be still more gratifying 
if a larger proportion of members (now somewhat more than fifty per cent) should 
become regular subscribers to this Monograph series. Failure to do so is, doubtless, in 
many cases due to oversight or procrastination. Now is a good time to remedy such 
a condition. 

Attention is called to the enlargement of the membership of the Monograph 
Committee by the addition of Professors AUBREY J. KEMPNER of the University of 
Colorado, and JoHn W. Younc, of Dartmouth College. The other members of the 
Committee are: Professor GILBERT AMEs BLIss, of the University of Chicago; Professor 
Davip RAymonp Curtiss, of Northwestern University; and Professor HERBERT ELLs- 
WORTH SLAUGHT, of the University of Chicago. 
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a Textbook for Colleges 
and Technical Schools 


Plane Trigonometry 


By J. B. Rosenbach 


Associate Professor of Mathematics 
Carnegie Institute of Technology 


and E. A. Whitman 


Associate Professor of Mathematics 


Carnegie Institute of Technology 


Contains 1400 Problems and 


More Than 100 Illustrative Examples 


This book presents the subject of Trigono- 


metry as it has been given for a number 
of years at the Carnegie Institute of Tech- 
nology. The aim has been to produce a 
text which will require of the student a 
minimum of memorization of formulas 
and a maximum of development of prin- 
ciples. It is planned to throw the respon- 
sibility on the student of teaching him- 
self, and discourages the usual substitution- 
in-the-formula method. 


The arrangement of the material is 
so flexible and the number of problems so 
numerous that the book is adaptable 
to courses of different lengths as well as to 
the various methods of teaching. 


216 pages by 8 $2.00 


SIX FEATURES . 


1—Angles of any magnitude are con- 
sidered at the outset and the trigono- 
metrical functions of such angles 
are defined at once. Practice is 
provided in the use of angles other 
than acute angles. 


2—Radian measure is introduced early 
and used frequently throughout the 
text. 


3—The triangle and other problems 
are adapted to the use of five-place 
tables but can be solved by four 
or three-place tables. A chapter at 
the end of the book is devoted to 
the theory and use of logarithms. 


4—Certain of the proofs of funda- 
mental theorems are shorter than 
in many texts, notably the novel 
but simple way of developing the 
addition formulas. 


5—lIn inverse functions both notations 
have been used but emphasis has 
been laid on the arc-function nota- 
tion. 


6—A chapter on the graphical repre- 
sentation of trigonometric functions 
and the approximate solution of 
equations involving such functions 
has been added. 


John Wiley & Sons Inc. 


440 Fourth Avenue, New York City 
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Differential Equations as a Foundation for Electrical Circuit Theory. By 
THORNTON C. FRy. 
Some Geometrical Applications of Complex Numbers. By Lioyp L. 


Plane Configurations and their Space Analogues in the Case of Pinch 
Points of Rational Surfaces. By A. R. WILLIAMS 

The Trigonometry of Hyperspace. By NoLA LEE ANDERSON 

On an Algorithm and its Use in Approximating Roots of Algebraic Equa- 
tions. By T. A. PIERCE 

QUESTIONS AND DiscussIONs: Discussion—“A graphical method for the 
solution of certain types of equations,” by T. R. C. WILSON 

RECENT PuBLICATIONS: Reviews by M. S. KNEBELMAN, EINAR HILLE, 
J. A. CRAGWALL, ARNOLD Emcu, PHILIP FRANKLIN. An Editor’s 
Note, by RoGER A. JOHNSON 

MATHEMATICS CLuBs: Club Activities 


DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Eprror-1n-Cuter, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


—T FOR REVIEW should be sent to R. A. pane, Hunter College, New York, 


CORRESPONDENCE should be addressed to the SrcrerAry TREASURER 
of the Association, W. D. Catrns, Oberlin, Ohio. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Thirteenth Summer Meeting of the Association, Boulder, Colorado, August 26-27, 192%. 
Fourteenth Annual Meeting, Des Moines, Iowa, December 31, 1929, January 1, 1930. 

The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1929, 
Itttrnors, Carthage, IIl., May 3-4. Missour!, Kansas City, Mo., November 16 
[InpIANA, Culver Military Academy, May 3-4. NEBRASKA, 
IowA, Fairfield, lowa, April 26-27. Ouxto0, Columbus, Ohio, April 4. 
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AND COMPANY 


Boston 


AUTOMORPHIC FUNCTIONS 


By Lester R. Ford 
” Assistant Professor of Mathematics 
Rice Institute’ 


332 pages, 6 x 9, $4.50 


The book begins with a thorough treatment of linear transformations and 
groups, with a chapter om Fuchsian groups. The main Bes a9 of auto- 
morphic functions and the Poincaré theta series are developed. It copmins 
a fairly comprehensive treatment of the moderi theory of conformal mapping, | 


function on the boundaty, the mapping of limit régions, the mappi 
multiply connected ox slit regions, 


Send for a copy on approval 


McGRAW-HILL BOOK COMPANY, INC, 
370 Seventh Avenue cf New York 


treating area theorems, deformation theorems, the behavior of the mapping es it 


New York Chicago Atlanta Dallas, Coluiabus. San Francises 
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‘a normal class and Wells and Hart's 
Modern Algebra, Third Semester Course, and 
you have the elements of success. Your brightest 
~ pupil will have met with situations to try his metal 
‘in the mastery of accuracy and efficiency ; your poor- 
est pupil will have mastered the minimum require- 
“ments with understanding. These results are as- 
sured by the method employed 
by authors. 
New York Chicago Atlanta 
Dallas London 


Slide Role in College Mathematics 


<, The Slide Rule as a check in Trigonometry is now reg- 
| ularly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and 
. for information about our large Demonstrating Slide 
Rule for use in the Class Room. 


KEUFFEL & ESSER Co. 
NEW YORK, 127 Fulton Street General Offices end Factories, HOBOKEN, J. 
516-208 817 Laces Se. “S034 Sc. 5 Dame 


Drawing Materials, Mathematical and Surveying Instruments, ‘ensuring Tepes 
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Two New Macmilian Books ge 


60 
Fifth Ave. 


Mathematics tc to 
Statistics and Finance 


By George N. Bauer 
Professor of Statistics, University of New Hampshire 


‘A strictly preparatory textbook that présents some of the: 


simpler mathematical mcthods and principles that are useful 


_ in dealing wit problems of statistics and finance. The work 


is designéd to prepare studénts to pursue statistical studies in 
whatever field they may be interested. The problems and illus- - 
trations are drawn from various sources,— busir.ess, fimance, 
education, sociology, economics, vital statistics, and various 
others.. The emphasis is laid throughout on general methods 
and principles applicable to all these fields. The book is based 
on material already successfully used with concses at the 
University of New Hanipshire and presupposes on the part of 
the student only’ the usual high school training in elementary 
algebra and plane geometry. 

337 pages, croun octavo, $2.00 


Projective Pure Geometry 
By Thomas F. Holgate 
Professor of Mathematics, Norchwestern University 


new eed unusually well organized introduction to the prin- 


ciples. and methods of projective pure gecmetry. The ap- 
proach ‘to the projective relation is that'of Von Staudt. Wher- 
ever colloguial language would serve the purpose an effort has 
been made to avoid technical phraseology and students of fair 
mathematical maturity should find the study within their range, 
The scope of the work is indicated by the following chapter 
headings: The Principle of Duality; Harmonic Forms; Curves 
and Pencils of the Second Order; Ruled Surfaces of the Sec- 
ond Order; Poles and Polars; Diameters and Axes of Conics; 
Theory of Involution; Focal Properties of Conics; Imaginary 
Elements; The Theory of Inversion, Exercises are inscrted 
at the ond of each chapter. 


bed be published in February 


New 
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